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Abstract

Gradient descent and other first-order methods have been extensively used in deep learn-
ing. They can find solutions with not only low training error, but also low test error. This
motivates the study of the implicit bias of training algorithms such as gradient descent,
meaning we want to understand what special properties are satisfied by gradient descent
solutions that lead to good generalization. In this thesis, we focus on gradient descent and
its derivatives, show test error bounds and characterize the implicit biases.

In detail, for linear classifiers, we consider both the separable setting and nonseparable
setting. In the separable case, we first give an 1/t test error bound for stochastic gradient
descent. Then for gradient descent, we present a primal-dual framework to analyze its
implicit bias, which leads to fast margin maximization algorithms. While the previous
results mostly require exponentially-tailed losses, we also show that for general decreasing
losses, the implicit bias can still be characterized in terms of the regularization path. In the
nonseparable case, we design a nearly-optimal algorithm by combining logistic regression
and perceptron. We also characterize the implicit bias of gradient descent via a unique
decomposition of the training set.

For neural networks, we first provide test error bounds for shallow ReLLU networks, using
the recent idea of neural tangent kernel, but only requiring a mild overparameterization.
Then we show implicit bias results for deep linear networks and deep homogeneous networks,

in the form of alignment properties.
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Chapter 1: Introduction

In recent years, deep learning has achieved great empirical success in many areas, such as
computer vision (e.g., ResNet [1]), natural language processing (e.g., Transformer [2]), and
deep reinforcement learning (e.g., AlphaGo [3]). However, there are still fundamental ques-
tions not fully answered: why are optimization and generalization feasible in deep learning?
To give some background, we first introduce the notions of optimization and generaliza-
tion on a simple but typical setting in machine learning: suppose we have a training set
{(z4,y:)}7-, where each z; represents an image of either a table or chair, and y; € {—1,+1}
represents the label where —1 denotes a table and +1 denotes a chair. Now the high-level
goal of machine learning is to learn useful patterns from the training set, which further
consists of optimization and generalization. The problem of optimization means that we
want to train a model or function f, such that for most training examples, it holds that
f(z;) = y;. On the other hand, we also need to consider generalization, meaning we also
want our model to make good predictions on some unseen data. For example, if we train a
model on a training set of tables and chairs, we also want our model to be able to distinguish
tables from chairs on some future inputs.

Optimization is well-understood for convex objective functions; on the other hand, there
exists a simple nonconvex function that requires exponential time to optimize [4, Theorem
1.1.2]. In deep learning, the training objective is usually highly nonconvex, but gradient-
based algorithms such as stochastic gradient descent (SGD) [5] and Adam [6] can usually
still obtain a high training accuracy despite nonconvexity. In recent years, a lot of progress
has been made to explain the feasibility of training in deep learning, but these prior results
also have different kinds of limitation, and a deeper analysis is still required.

Generalization for neural networks has also been studied for a long time. However, recently
people have noticed that existing results are not enough to explain practical success of deep
networks. For example, a classical tool to analyze generalization is the VC-dimension, which
has also been applied to neural networks [7]. Specifically, if the network can only represent
a limited number of sign patterns, then the VC-dimension analysis can rigorously ensure
good generalization. However, it has been found in practice that neural networks can even
fit random signs [8], suggesting that the VC theory may not be enough to explain the strong
generalization performance of neural networks in practice, and thus a more fine-grained
analysis is needed.

In this thesis, we try to answer the above questions by analyzing optimization and general-

ization simultaneously. The motivation is that, certain training algorithms such as SGD can



usually find a solution that can not only fit the training data, but also have good generaliza-
tion [8]. Motivated by this, we try to study the implicit bias of training algorithms including
SGD, i.e., to characterize some special properties of the SGD solution, which may further be
used to prove good generalization bounds and make the model more interpretable. On the
other hand, as we will see below, the study of implicit bias also leads to finer optimization
analyses, which can be useful in understanding the feasibility of training in deep learning.
In the remaining parts of the introduction, we first introduce the problem setup and some
common notation, and then give a summary of our results that will be discussed in this
thesis. Detailed theorem statements and proofs, along with comparisons with many related

works, will be given in following sections.

1.1 NOTATION AND PROBLEM SETUP

In this section, we first introduce some general notation that will be used throughout this
thesis, then give a formal description of the problem setup.

Let 1,4 denote the indicator of an event A, i.e., 14 = 1 when A happens, and 14, = 0
when A does not happen. Given a convex set C', let 1o denote the indicator function, i.e.,
te(x)=0ifx € C, and 1o(z) =0 if x & C.

A real-valued differentiable function f is called S-smooth with respect to norm || - || if its
gradient is S-Lipschitz continuous with respect to norm || - ||; formally, for any z,z’ in its
domain, we have||V f(z) — V f(z/)

In particular, this implies [9, Lemma 3.4]

, < Bllz—2'||, where || - [|. denotes the dual norm of || - ||.

1)~ (@) = (V@) — )| < D — |

Next we give the problem setup. In this thesis, we consider a binary classification problem,
as described below. Without loss of generality, we suppose the inputs or feature vectors are
from R?, while the label is either —1 or +1, denoting two classes. For example, each input
may be an image of a table or chair, and if the input is a table, its label is —1, otherwise its
label is +1. In the following, we often deal with a training set {(x;, y;)}?_; which consists of
n training examples, and we assume they are identically and independently sampled from
an underlying data distribution P over R¢ x {—1,+1}. Informally, our goal is to learn a
model or function based on the training set, which can map the input feature vector to the
correct label as much as possible, on both the training set and the distribution P. Below we
give a formal description of this problem.

The model will be denoted by a real-valued function f(z;w) in general, where x denotes the



input feature vector and w denotes the weight or parameter vector. Given a feature vector
x, to make a prediction, we simply use the sign of the output of the model sign (f(m, w)) In
this thesis, we will consider either a linear classifier fi,(x;w) := (w, z), or a neural network
as described below. An L-layer neural network consists of the following parts: (i) L weight
matrices Wy, ..., Wi, where W), € R%>d-1. (ii) L bias vectors by, ..., b, where b, € R%;
(iii) an activation function o : R — R. Given an input x € R%_ let zy := 0, then for each
1 <k < L —1, the neural network computes x := o(Wyzr_1 + bi), where o is applied to
each coordinate. The final output is given by Wrxz_1 4+ br,. The network defined above can

be described compactly as below:
Jan(z3w) := Wiro <WL—1U ( oWz +by) - ) + bL—1) + by,

where w includes all parameters Wy, ..., Wy by, ..., br.
We will focus on the risk minimization framework. Given a decreasing loss function

¢ : R — R, the population risk and empirical risk of w are given by
R(w) := E(gy)opr [6 (yf(a:;w))] , and R Zé yif(xi;w)) . (1.1)

The following quantities will also be useful in our analysis:

n

Qw) = Egy)~r [—ﬁ’(yf(w;w))]7 and  Q(w lz — (yif (zsw)),  (1.2)

3

where ¢/ denotes the derivative of £. The problem of optimization is usually just to minimize
7/5; note that since ¢ is decreasing, by minimizing ﬁ, we effectively try to force y; and f(x;)
to have the same sign. On the other hand, to show that our model also generalizes well, we
will prove upper bounds on R.

Here are some examples of decreasing loss functions:
e The logistic loss og(2) := In(1 + e~?): widely-used in practice.
e The hinge loss £,(2) := max{—=z + 1,0}: also widely-used in practice.

e The exponential loss ley,(2) := e7*: this one is rarely used in practice, but it will allow

for a clean implicit-bias analysis.

e The ReLU loss £,(z) := max{—z,0}: this one is sometimes also called the hinge loss; we
call it the ReLLU loss to distinguish it from the previous one. Note that with the ReLLU



loss, 0 is a global minimizer of the risk function, and it may seem that no optimization
is needed. However, by letting ¢.(0) = —1 (cf. Section or by choosing a special
domain (cf. Section [3.1]), we can also obtain efficient algorithms with the ReLU loss.

Moreover, let £o_1(z) := 1.<( denote the zero-one loss, we will often try to derive bounds on

the population zero-one risk, or test misclassification error

Ro-1(w) = Egyop [50_1 (yf(x, w))] = Prizy)op (y = sign (f(x, w))) )

The most basic algorithms we will study are gradient descent (GD) and stochastic gradient
descent (SGD). For both algorithms, we start from some properly-chosen initialization wy.

For GD, we will work with a training set and the corresponding empirical risk, and let
wiy = 1lp [wt - ntVﬁ(wt)] )

where 7; is the learning rate or step size at step ¢, and D is the domain of optimization. In
most cases in this thesis, we simply let D = R? (i.e., no projection), but in certain cases a
carefully-chosen D can allow for an efficient algorithm (cf. Section . For GD, we can
either prove a bound on the empirical risk ﬁ(wt), or study if the GD iterates w; converge
to a global minimizer, or even prove a test misclassification error bound Ry_;(w;) using a

generalization analysis. For SGD, we sample a new data example (x4, y;) at step t, and let

wyiy = 1lp [wt — el (ytf(% wt)) Vi [ (2 wt)] :

We usually directly prove a test error bound Ry_;(w;) for SGD. Based on our understand-
ing of GD and SGD, we will also design more efficient algorithms in different settings (cf.

Sections and .

Sometimes we also consider gradient flow, defined as a solution to the differential equation

dwt

E = —Vﬁ(wt)

In other words, gradient flow can be viewed as gradient descent with infinitesimal learning
rates. A gradient flow may not exist if R is not smooth enough, but in this thesis we will
not spend too much effort on such technical details; instead, we use gradient flow mainly to
simplify the analysis and highlight the key proof ideas, particularly when dealing with deep
networks. Moreover, many of our results can also be extended to the gradient descent case

with sufficiently small learning rates.



1.2 SUMMARY OF RESULTS

In this section, we give a brief summary of the results that will be covered in this thesis.
We will consider both linear classifiers and neural networks, and try to show test error

bounds and characterize implicit biases.

1.2.1 Linear classifiers

For simplicity, we start our analysis from linear classifiers: the input x is mapped to (w, ),
where w denotes the weight vector. Linear classifiers have been studied for a long time, but
we still provide some novel results and analyses as detailed below; moreover, these ideas can
also be useful when analyzing neural networks.

Roughly speaking, we will consider two cases: the separable case and nonseparable case.

We discuss them separately below.

Separable case. The separability assumption can be made on either the training set or the
data distribution P. Given a training set {(x;,vy;)}!,, separability means that there exists
a linear classifier u such that y;{u,x;) > 0 for all 1 < i < n. In other words, there exists
a ground-truth solution that can give the correct label on all training examples. Similarly,
given the underlying data distribution P, we can assume a stronger separability condition:
there exists u such that for almost all (x,y) ~ P, it holds that y(u,x) > 0. In this thesis,
we will give test error bounds under the distributional separability assumption, and further
give finer characterizations of the implicit bias of GD with a separable training set.

A central notion in the analysis of separable case is margin: with a separable training
set, given a ground-truth solution w, its margin v is given by v := min;<;<, y;(u, z;) > 0.
Similarly, in the distributional setting, the exact separability assumption we will make also
includes a concrete margin: there exists u and v > 0 such that y(u,z) > 7 almost surely.
Intuitively, after a proper normalization (e.g., after ensuring ||u|l2 = 1), the larger the margin
is, the easier the problem is; indeed, margin has been used in the design and analysis of many
machine learning algorithms, such as Perceptron [10], SVM [11], Boosting [12], and neural
networks [13].

Chapter [2| focuses on linear classifiers under the separable case. First, if the data distribu-
tion P can be separated with margin v, Theorem proves an 9) (%) test misclassification
error bound for SGD with the logistic loss, based on results from [I4]. The analysis can han-
dle constant learning rate, thus giving the O(1/t) test error bound. The only prior O(1/t)

rate requires strong convexity [15], which unfortunately does not hold in our setting: the rea-



son is that we consider an unbounded domain R? on which the risk function is not strongly
convex, since we use the logistic loss which is not strongly convex on R.

On the other hand, if we focus on a linearly separable training set, we can provide finer
characterizations of the implicit bias of GD: more exactly, we want to know what properties
are satisfied by GD solutions that lead to good generalization, and if possible, we also want
to characterize the limit of the GD iterates. Previously, [16] proved that GD with the
logistic loss converges to the ¢, maximum-margin solution. In a parallel work [17], we also
show margin maximization using a different proof technique based on [I8]. However, these
prior results do not give the fastest possible rate. In Section [2.2] we develop a primal-dual
framework to analyze the implicit bias based on [19]: we show that GD on the original
problem induces a mirror descent update on a dual problem, whose optimum is exactly
given by the maximum margin, thus giving a natural interpretation of the implicit bias
phenomenon. This framework also allows us to give faster analyses and algorithms for the
following margin maximization problem:

Hgﬁ?}gﬁ éliiéln yi(w, ;). (1.3)
First of all, we show a fast O(1/t) margin maximization rate for GD (cf. Theorem [2.3).
Furthermore, motivated by the primal-dual framework, we design a momentum-style margin
maximization algorithm that has an even faster O(1/t2) rate (cf. Theorem , which is
based on [20]. Prior first-order methods mostly have rate O(1/+/1); for example, we can apply
gradient ascent to eq. (we use ascent since we need to maximize a concave function);
this is the batch perceptron algorithm [21], and its rate is O(1/y/t). On the other hand,
we may also apply the ellipsoid method to eq. ; to ensure an additive error of e, the
ellipsoid method needs O(d?1n(1/¢)) iterations, while our momentum-style method needs
O(1/+/e€) iterations. Therefore, for € > 1/poly(d), our method is faster. More related work
is discussed in Section 2.2

The above implicit bias results all require a loss function with an exponential tail (e.g.,
the exponential loss or logistic loss); in Section , we further show that even for general

decreasing losses, the implicit bias of GD can be characterized in terms of the regularization
path (cf. Theorems [2.7] and [2.8)). This section is based on [22].

Nonseparable case. Next we consider a general nonseparable setting.
In the distributional setting, we assume the optimal test misclassification error that can
be obtained by linear classifiers is given by OPT > 0, and we let @ denote the optimal

linear classifier. Our goal is to find a solution that can compete with «. Previous state-of-



the-art algorithms can reach a test error bound of C' - OPT for some universal constant C'
[23, 24], but their algorithms are complicated. On the other hand, since logistic regression
is one of the most fundamental algorithms in machine learning, it is natural to try to apply
it to this problem; however, previously only an 9) (\/Oﬁ ) upper bound was known [25].
In Section , we first provide a lower bound of (2 (m ) for logistic regression (cf.
Theorem [3.1)), thus matching the upper bound in [25]. Moreover, we also show that we can
overcome this lower bound, simply by first running logistic regression and then applying
the Perceptron algorithm with a restricted domain and a warm start; this algorithm is very
simple, and can reach an 5(OPT) upper bound (cf. Theorem . This section is based on
[26].

Next in Section , we consider a general training set (i.e., we do not make any assumption
on the training set) and characterize the implicit bias of GD. First, we show that the training
set can be uniquely decomposed into two parts: a maximal linearly separable part, and the
remaining part which induces a strongly-convex optimization problem (cf. Theorem .
We also show that, with no prior knowledge of this decomposition, GD can find the correct
implicit bias over the parts: on the strongly convex part, GD finds the unique optimizer,
while on the maximal linearly separable part, GD converges in direction to the maximum-
margin classifier that is orthogonal to the strongly convex part (cf. Theorem |3.5). This

section is based on [17].

1.2.2 Neural networks

Next we turn to neural networks. In this thesis, we will focus on the case where the data
can be separated by a neural network, since in practice neural networks can often achieve
100% training accuracies; however it is also interesting to consider the nonseparable case,

and we have also started considering this setting in [27].

Two-layer ReLU networks. We start our analysis from (wide) two-layer ReLU networks,
using the idea of the neural tangent kernel (NTK) [28]. Formally, let W € R™*? denote the
first weight matrix, and a € R™ denote the second weight matrix, the network outputs
f(x; W) := a" max{W=x,0} where the max operator is applied to each coordinate. For
simplicity, we fix a and only train W, but our ideas can also be applied to the deep case
[29]. We also let V f(z; W) € R™*? denote the gradient of the network with respect to the
weight matrix W.

The idea of an NTK analysis is that, if the network is wide enough, then (i) we can already

fit the training data using the random features V f(z;; Wj) given by a wide network at random



initialization Wy, and (ii) during the GD process, these features stay roughly unchanged,
ie., Vf(x;;Wy) = Vf(z;; Wy). In other words, the analysis of GD on a nonlinear network
can be approximated by the analysis of GD on a linear model (on a high-dimensional space
R™*4), The latter GD process is easier to analyze due to convexity, and the approximation
error can be shown to be small if the network is wide enough. An empirical risk bound can
be shown using the above framework, and it is also possible to derive a test error bound via
a careful generalization analysis.

However, prior NTK results always require the width to be very large, such as a polynomial
of the number of training examples or inverse target error. In Chapter [4, we show that
actually a polylogarithmic width is enough for good training and test error bounds, using
the corresponding NTK margin (cf. Theorems to . Our analysis is centered upon the
notion of NTK margin (cf. Assumptions and , which is basically the linear margin in
the space of gradients V f(x; Wy). The NTK margin also allows us to show a tight sample
complexity bound (cf. Section . This two-layer analysis is based on [30].

Deep homogeneous networks. Next we consider deep homogeneous networks, meaning
that given input x and model parameter w, if we scale w by a positive constant ¢, then
the output of the network is scaled by c* for some L > 0 (i.e., f(z;cw) = cFf(x;w)).
Examples include deep networks with linear and convolutional layers, max and average
pooling layers, and homogeneous activations, such as the identity activation z +— xz, ReLU
activation x — max{0,z}, and more generally powers of ReLU z — max{0,z}*. On the
other hand, homogeneity does not allow skip connections and bias vectors. Here is a typical

homogeneous network, where the activation ¢ is homogeneous:
x— Wro (WL_la ( o(Wix)--- )> )

The simplest homogeneous network is the deep linear network, which maps the input =
to W Wp_q--- WoWix, where Wy, ..., W; are the weight matrices. A deep linear network
has poor expressive power, since it can only represent a linear function; on the other hand,
it still induces a nonconvex optimization problem, and an analysis of it may shed some
light on nonlinear networks. In Section [5.1} we show that despite overparameterization and
nonconvexity, gradient flow can find a very simple solution: all weight matrices become
nearly rank-1, adjacent weight matrices tend to have identical top singular vectors, and the
whole network computes the maximum-margin predictor (cf. Theorems and . This
section is based on [31].

Then in Section |5.2 we further generalize the previous result to deep homogeneous net-



works. We show that the gradient flow iterate w; and the corresponding (negative) gradient
—VR(w;) converge to the same direction (cf. Theorem , meaning

lim (-0 VR N
t=00 \ ||lwy|| an(wt)
F

This result is from [32]; it implies the previous result for deep linear networks, and can also

be applied in many other settings.



Chapter 2: Linear classifiers with linearly-separable data

In this chapter, we focus on linear classifiers, and also assume the data is linearly separable
with a positive margin. Formally, with the underlying data distribution P, we assume there
exists a unit linear classifier u and a positive constant v such that y(u,z) > 7 almost
surely. Alternatively, we may only focus on the training set, and assume y;(u, z;) > ~ for all
1 <4 < n. Additionally, let

ut = aﬁgnrzrialux Join yi{u,x;) and ~* = ”gﬁ?igl i yi{u, ;)
denote the maximum-margin classifier and maximum margin, respectively. The existence
and uniqueness of u* is guaranteed by Lemma [2.3] and thus its definition is valid. For
simplicity, we will also assume ||z||s < 1 almost surely (in the distributional case), or ||z;||2 <
1 for all 1 <i < n (with a training set).

The Perceptron algorithm [33] is a classical algorithm to solve this problem, and Novikoff
[10] showed an O(1/~?) test error bound under the linear separability assumption. In Sec-
tion [2.1 we will first review the proof of this result, and then show that it can be adapted to
give a clean generalization analysis for SGD with the logistic loss (cf. Theorem . Similar
ideas will also be useful in the nonseparable setting (cf. Chapter [3) and in the analysis of
shallow ReLLU networks (cf. Chapter {4)).

In addition to a generalization bound, it is actually possible to give a much finer charac-
terization of the solution found by GD. Previously, Soudry et al. [16] showed that if we run
GD on a linearly separable training set with certain exponentially-tailed losses including the
exponential loss and logistic loss, then ||w||2 — oo while w;/||w;]|2 — w*. In other words, if
we keep running GD with logistic regression, then it actually finds the same solution as the
hard-margin support vector machine [I1]. In a parallel work [I7], we also proved this result,
using a technique from [I§]. However, these approaches are not able to give the fastest
possible convergence rates. In Section [2.2) we will show that GD actually induces a mirror
descent update on a certain dual problem whose optimum is exactly given by the maximum
margin. This observation gives a clean interpretation of the implicit bias phenomenon, and
allows us to give a fast O(1/t) margin maximization rate (cf. Theorem [2.3)).

In Section [2.3], we will further exploit the primal-dual framework and design a fast margin-
maximization algorithm that achieves an O(1/2) rate (cf. Theorem . The key observa-
tion is that the dual objective is smooth, and thus can be optimized by Nesterov’s accelerated

method [4], 34, 35]. Moreover, the dual Nesterov method can be transformed into a primal

10



momentum method, for which we prove the O(1/t2) rate.

Finally, above results all require certain exponentially-tailed losses. In Section [2.4] we will
show that even for general decreasing losses (e.g., a loss with a polynomial tail), the implicit
bias of GD can still be characterized in terms of the regularization path, which in general is
different from the maximum-margin solution (cf. Theorems and [2.8).

Finally, we discuss related work in Section [2.5]

2.1 SGD TEST ERROR BOUNDS

Recall that ¢,(z) := max{—z,0}. Starting from wy := 0, we consider SGD with /,:

Wiy i= wy — L (yt<wt; l’t>) YLt

More explicitly, if y;(w, ;) > 0, then wy1 = wy, otherwise w1 = wy + yz4 (recall that we
let £/(0) = —1). This is the Perceptron algorithm [33]. For simplicity, let z, := y,z, and

thereby the update can be written as
Wiy = wy — L) ((wt, zt>) 2.
Below is a standard analysis from [I0]: note that
ol = w3 =2 (6 (e, 20) 2,0 ) + 6 (s 20)” ]

< w3 +2 (6:00) = & ((wis 2)) ) + 4 ({uw, 20))°

< w2+ € ((we, 200)* = wel|2 — € ((wr, 24))

where we use convexity and ||z|l2 < 1 in the first inequality, and that ¢,(z) > ¢,(0) = 0 in
the second inequality, and that (¢.)? = —¢. in the end. It then follows that

E [lwl3] <E Z—fi“w]’azﬂ) =E ZRofl(wj) ;

since —01(z) = o—1(z). On the other hand, as we assume there exists a unit vector u with

T

margin 7y over the underlying distribution, it follows that

(we,u) =Y =0 ((wy, ) (u, 2) > 7> = ((wy, %)) -

J<t i<t

11



Consequently,

E |30 Roosl)| < ~E [fun ] < E [Junle] < /E [Julf]

j<t

1
<- |E ZRO—l(w]’) ;

j<t

which implies

1
E ZRO—l(wj) §$7

j<t

and thus
E |minRg_1(w;)| < 1
r]n<1¥1 0-1\j — A2t

In the above analysis for perceptron, we first derive an upper bound on E [||w||3], then
obtain a lower bound on E [(wt, uﬂ based on the linear separability assumption, and finally
combine both bounds to achieve a test error bound. Next we analyze SGD with the lo-
gistic loss using a similar perceptron-style analysis; however, care is needed to make this

replacement with logistic work, as detailed below. The analysis is basically from [14].

Theorem 2.1. With the logistic loss and a constant learning rate 7, = 1, SGD ensures

4In(t) 4
2y T
¥4t vt

E |:I§1<l¥l RO—l (U)j>:| S

To prove Theorem [2.1], we first prove the following general result. Note that it requires
—(" < ¢, which is not true for the ReLLU loss; this is the key difference between the ReLU

loss and logistic loss.

Lemma 2.1. Given a convex loss ¢ with 0 < —¢ < 1 and —¢ < ¢, for any w € R¢ and
t>1,

lwy —wllf < w3 +2) € ((w, ) -

J<t
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Suppose furthermore ¢(z) < e™?, let u; = uln(t) /7,

In(¢)?

-2 + 2.

Jwe — w3 <

Proof. By the SGD update rule and convexity of ¢, for any w € R?,

2
|wjs1 — w3 = |lw; — w3 — 2 <5' ((wj, 2;)) 2z, w; — w> + 0 ((wy, )" 112113

< Jhwy = wl3 =2 (¢ (g 2)) = € ((w,29) ) + € (w29 N1

Furthermore, since ||z;lls <1, and 0 < —¢' <1, and —¢' <,

O ((wy, ) Nzl12 < 2 ((wyo23)) < £ ((wj, 25)) -

As a result,

Jwjp1 — w3 < JJw; —wll3 =2 (€ ((wy, 2;)) — ¢ (<w,zj>)> + 0 ((wy, )

= [lw; —wll3 — £ ((wj, 2;)) + 2¢ ((w, ;)
< ||wj — w5+ 2¢ ((w,zj>) )

Take the sum from step 0 to ¢t — 1, the first claim of Lemma [2.1]is proved.
By the linear separability assumption, (u,z;) > 7. Therefore (u, z;) > In(t), and since
l(z) < e 7,

Z;E(wt,zj)) < 2§exp (—In(t)) < %;1 <2

QED.

Lemma gives an upper bound on ||w; — w]|3; to finish a perceptron-style analysis, we

further need a lower bound on (w; — uy, u).

Lemma 2.2. For all £ > 1, it holds that

E [[lwe = wlls] > E [{w = w, )] > 9B | > Q(w;) —@,

j<t

13



Proof. We have

(wy — ug, u) = (wy, u) — (uy, u)

In(t
= Z =0 ((wy, z)) (2, u) — In®)
j<t 7

In(t
> 'yz w],z] ﬁ
j<t v

Take the expectation on both sides, and recall that Q(w) := E [—6’ (y{w, x))} (cf. eq. ),
the proof is done. QED.

Now we are ready to prove Theorem 2.1}

Proof of Theorem [2.1] Lemmas 2.1 and [2.2] imply

n(t In(t)? In(t
VE D Quwy)| - n(t) o 0o Iy
i<t Y v Y
which implies
2In(t 2
S Quy)| < 220 4 2
i<t Y Y
and thus
2In(t) 2
< il
. {Iyng:l Q(w])} 9% * vt
As noted in [36], £o-1(2) < —2£,(2), and therefore
: 4In(t) 4
E {ml? R01(w])1 < 21 + %

QED.

2.2 A PRIMAL-DUAL ANALYSIS OF THE IMPLICIT BIAS

In the previous section, we showed an O(1/t) test error bound for SGD with the logistic

loss. It turns out that a similar test error bound can also be showed for GD [37]. On the

14



other hand, in addition to a test error bound, it is possible to give a finer characterization
of the GD iterates: it was showed in [16] that with an exponentially-tailed loss such as the
exponential loss or logistic loss, it holds that

Wt %

lim ||w]|2 =00, and lim =u".
t—o0 t—ro0 ||wt|l2

Here we give an alternative proof of this result using a primal-dual framework. More pre-
cisely, we will show that for each GD iterate w;, we can define a corresponding dual iterate
qi, and the update on ¢; is a mirror descent (multiplicative weight) update on a certain dual
objective whose optimum is given exactly by the maximum margin. This observation gives
a nice intuition why GD converges to the maximum-margin solution, and also allows us
to design fast margin maximization algorithms (cf. Theorems and and prove an
alignment property for deep homogeneous networks (cf. Section .

2.2.1 A primal-dual framework

For simplicity, here we focus on the exponential loss ley,; however, as discussed in [19], the
analysis can also be extended to the logistic loss. For simplicity, let z; := y;x;, and collect
them into a matrix Z € R™*¢. Moreover, given £ € R", let 1(¢) :=1In (3}, exp(&;)) denote
the In-sum-exp function. Given a GD iterate wy, let p; := —Zw;, and we further define a

dual variable ¢, € A,, (the probability simplex) by

exp (—(wt, zl))
> i exXp (—(wt, zlf)) ’

Qi = or equivalently ¢, := Vi (p,).

It then holds that

n

~ 1 -
W1 = Wy — ntVR(wt) = w; + s Z E exp (—(wt, Zz>) 2 = w; + ntZth,

=1

where we let 7, 1= nﬂ/é(wt). This further implies that

Pt+1 = Pt — Z(th - wt) =Dt — ﬁtZZth =Pt — ﬁtv¢(9t)7

where ¢(q) := ||Z"q||3/2. To sum up, we have

Pt+1 = Pt — ﬁtvd)(%), and g = V¢(pt+1)-

15



This update on ¢; is exactly a mirror descent or dual averaging [38] update on the dual
objective ¢, with learning rate 7, and an entropy regularizer. In the following, we will
see that ¢ is the key potential function in our primal-dual framework; moreover, it can be
generalized to the nonlinear case (cf. eq. ), which will be used in our implicit bias
analysis for deep homogeneous networks.

First, we note that the optimum of ¢ is exactly characterized by the maximum margin.

Lemma 2.3. It holds that

7" = max min (Zu); = min ZTqHQ,

ull2<1 1<i<n g€A,

and there exists a unique primal optimal solution u*, such that for any dual optimal solution
q*, it holds that ZT¢* = v*u*.

Proof. Given a convex set C, recall that tc denote the indicator function, i.e., tc(z) = 0 if

x € C,and 1o(z) = 0o if x & C. We note the following convex conjugate pairs:

* f— f— .
ta, (V) = sup (v, u) = max v;,

(- 112)"(a) = 4= (@):
This gives the Fenchel strong duality [39, Theorem 3.3.5]
min (127 qlls + 1,,()) = max =1 oi (—w) = i3, (Zw)
= max{—miax(Zw)i Clwlle < 1}
= ma {min(Z(-); <l < 1}

= max{miin(Zu)i Sl < 1}

Now consider an arbitrary optimal primal-dual pair (w*,¢*). Fenchel-Young’s inequality

[39, Proposition 3.3.4] implies for any w and ¢ that
127 gl + 1o (<) + 18, (@) + ¢4, (Zw) > (27q.—w ) + (g, Zuw) = 0.

The optimal pair (w*, ¢*) satisfies the above inequality with an equality, and it follows from

[39, Proposition 3.3.4] that Z"¢* € 9 (y,<1) (—w*), meaning Z"¢* and —w* have the same

direction. Since HZTq* , = 7", and let u* = —w*, we have Z"q* = y*u*. Since the above
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argument holds for any optimal primal-dual pair, it follows that v* is unique. QED.

As mentioned above, since the update on ¢; is a mirror descent update which tries to
minimize ¢, and it follows from Lemma that the optimum of ¢ is exactly characterized
by (u*, ¢*), this would give an intuitive explanation of the implicit bias phenomenon if the
dual objective ¢ can be globally minimized by ¢;. Next we show that this is indeed the case,
along with a primal-dual convergence rate, based on [19, Theorem 1]. It will also be the
basis of our fast O(1/t) margin maximization rate for normalized GD (cf. Theorem [2.3).

Let v* denote the convex conjugate of 1; formally, ©* denotes the entropy function, where
given g € A,,, we have ¢*(¢) := >, ¢;In(g;). Given ¢ € A, the Bregman distance between
q and ¢; is defined as

Dy(q,q:) == ¥"(q) — " (@) — (P, 4 — @)

Since 9* denotes the entropy function, D,- is actually just the KL-divergence. Here is our

main convergence result.
Theorem 2.2. For all ¢ € A, if n; < 1, then the following results hold:

1. Dual convergence: for all ¢ > 0,

¢(Qt+1) < ¢(Qt)7 and 7, (¢(Qt+1) - ¢(Q)) < Dw*((]a Qt) - sz*(% (]t+1)~
As a result, for all ¢ > 0,

Dy (g, o) = Dy (a:41) _ Dy (9, 90)

Zj<t ﬁj B Zj<t 77]' .

o(q) — ¢(q) <

2. Primal convergence: for all ¢ > 0,

. 7 2 9 2
Y(pe) — V(Pry1) > N (¢(Qt) + ¢(Qt+1)) = é Z g ) + EtHZthH .
and thus if 7, is nonincreasing, then
W(po) — o) = S || 27g; 2 o ‘ZTqO g 7ol
- = / Mo 2 2 2 2

: oL : . 2
This rate is tight up to a constant, since ¥ (pg) — ¥ (p;) < qu 77j||ZquH2.

Here are some comments on Theorem 2.2
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o If we let 7y = 1, then we get an O(1/t) dual convergence rate. By contrast, [40] con-
sidered boosting, and can only handle step size 7, x 1/vf+ 1 and give an O(1/v/%)
dual rate. This is because the dual objective ¢(q) = HZTqH; /2 for gradient descent
is smooth, while for boosting the dual objective is given by HZTq”iO /2, which is non-
smooth. In some sense, we can handle a constant 7; and prove a faster rate because

both the primal objective v and the dual objective ¢ are smooth.

e Moreover, the primal and dual smoothness allow us to prove a super tight primal
convergence rate for ¢). By contrast, if we use a standard smoothness guarantee, then
the error term (compared with the upper bound on ¥(pg) — ©¥(p;)) can be as large as
> it ZquHz /2 (cf. Lemma . While a constant factor does not hurt the risk

bound too much, it can stop us from proving an O(1/t) margin maximization rate (cf.

Section [2.2.2)).

e For the exponential loss (and other exponentially-tailed losses), [16] proved that w;

converges to the maximum margin direction. This is called an “implicit bias” result
since it does not follow from classical results such as risk minimization, and requires
a nontrivial proof tailored to the exponential function. By contrast, Theorem
explicitly shows that the dual iterates minimize the dual objective ¢, and the minimum
of ¢ is given exactly by the maximum margin as showed by Lemma [2.3, which gives

an intuitive explanation of the implicit bias phenomenon.
Next we prove Theorem [2.2] One of the key properties we use is the 1 smoothness of ¢.

Lemma 2.4. The function ¢ : R" — R given by ¢(f) := HZTHH; /2 is 1-smooth with respect

to the ¢; norm.

Proof. For any 0,6 € R" using the Cauchy-Schwarz inequality and ||z < 1,

= max
o 1<i<n

Hv¢wy—v¢wqw”:HZzW9—eq

<ZTw-—9%%>

T / )
< max || Z (0 = )| llzll,
g)zWe—y)
2

Furthermore, by the triangle inequality and |[|z;]|s < 1,

HzWe—y)

<Nl < D)6 - 6] =001,
=1 =1

18



Therefore ¢ is 1-smooth with respect to the ¢; norm. QED.

Next, here are some standard results we need, from the smoothness of .

Lemma 2.5. We have

2 H2 2
U
2+2

T

qt

1
ZT(]t and Dw*(Qt—HaQt) > —HQt+1 - %H%-

w(pt-i-l) —(pe) < =1 )

Proof. We first claim that v is 1-smooth with respect to the /., norm. Similarly to the proof
of [41, Lemma 14], it is enough to show that for any &, v € R™, it holds that v VZ)(£)v <
|v]|2,. Note that

V() = diag (Vi (€)) — V() V(E) ',

where

st eén
w0~ (s )

Therefore it is enough to show that

va(f)ivf < max v},
i=1

1<i<n

which is true since Y ", Vip(§); = 1.

Next we prove the main claims. Since ¢ is 1-smooth with respect to the /., norm,

Y(Pry1) — Y(pe) < <V¢(Pt)7pt+1 - pt> + %Hpt+1 - ptHio

0 2
= (a =22 q) + 2| 227
2 H2 2
= —in|Z7q|| +2|227q,
2 2 0o
Moreover, since ||z;||2 < 1,
T T T T
= Y < o < .
HZZ G| = max <Z qt,zz> < max||Z g 2||zz||2—HZ %),
As a result,
Mo 12 T
Y(Pr1) — V(o) < —||Z @ 24‘? Zq .
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On the second claim, note that since v is 1-smooth with respect to the ¢, norm, [42]

Lemma 2.19] implies that ¢* is 1-strongly convex with respect to the ¢; norm, and in
particular Dy (gi11,¢) > llger1 — @3 /2. QED.

Next is a standard result for mirror descent.

Lemma 2.6. For any ¢t > 0 and g € A,,, it holds that

T (¢(Qt) - ¢(C])) < <ﬁtv¢(Qt)a qr — Qt+1> - D¢*(Qt+1> Q) + Dw*<Q7 q) — sz*(% Gir1)-

Moreover, ¢;11 is the unique minimizer of
1
t

and specifically h(q1) < h(q) = &(q)-

Proof. Since ¢ is convex, we have

un (¢<Qt) - ¢(Q)) < <77tv¢(%)> qr — C]> = <77tv¢(Qt)> dr — Qt+1> + <ﬁtV¢(qt), qt+1 — Q> .

Recall that pyy1 = pr — % ZZ " qs = pr — 1:V(q;), therefore

T (¢(Qt) - ¢(Q)) < <ﬁtv¢(Qt)a qr — Qt+1> + <77tv¢(%)> qi+1 — Q>
= <77tv¢(Qt), qt — Qt+1> + (Pt = Pro1s @1 — ) -

It can be verified by direct expansion that
(Pt = Pr41, @1 — @) = Dy (g, @) — Dy (4, Gr41) — Dy (G401, @),
and thus
i (0(q) — ¢(q) < (V@) ¢t — Ger) + Dy=(q, @) — Dy (q, Ger1) — Dy (G, @)
On the other claim, let 0 denote subdifferential. We have
Oh(a) = {Vola)}+ = (00" (@)~ {p1}).

Note that ¢’ € argmin h(q) if and only if 0 € 0h(q’), which is equivalent to p; — 7, Vo(q) =
Pir1 € 0Y*(q). By [43, Theorem 23.5], p;11 € 09*(q) if and only if ¢ = Vi)(p;11); in other
words, g;+1 is the unique minimizer of h, and specifically h(g11) < h(q) = é(q:)- QED.
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With Lemmas [2.4] to 2.6] we can prove Theorem 2.2

Proof of Theorem[2.3. Since ¢ is 1-smooth with respect to the ¢; norm,

1
P(qr+1) — ¢(qr) < <v¢(Qt)7 Qr+1 — Qt> + §HQt+1 — a7

Further invoking Lemma [2.5] and that 7; < 1, and the function A defined in Lemma [2.6] it
follows that

80 + (V) aenr — ) + 5 laens — adl}
< ¢(q) + (Vo(ar), @41 — @) + Dy (qe11, q1)
6
h

(qr) + <V¢(Qt)7 qt+1 — Qt> + %DW(%H, qt) (2.1)

which proves that ¢(g;) is nonincreasing.
To prove the iteration guarantee for ¢, note that rearranging the terms of eq. (2.1)) gives
the following inequality

Mt <V¢(Qt)> di+1 — C]t> + Dy (Ge1, ) = 7t (¢(C]t+1) - ¢(Qt>) .

Lemma [2.6) then implies

N (¢(Qt) - (b(Q)) < (¢(C]t) - ¢(Qt+1)) + Dy (¢, @) — Dw*(q, Q1)

Rearranging terms gives

e (¢(Qt+1) - ¢(C])) < Dl/)*(Q7 Qt) - Dzﬁ*(% C]t+1)' (2-2)

Taking the sum of eq. (2.2) from 0 to ¢ — 1, and noting that ¢(gj+1) > ¢(q;) for all j < ¢
since f is nonincreasing, the proof is done.

To prove the iteration guarantee for 1, note that

Dy (g1, ) = V" (qe+1) — " (@) — (Prs 41 — @)
= (P41, Ge+1) — V(Per1) — (e @) + U (pe) — (P> Q1 — @)
= (pr) — Y (pes1) = (Qer1, Pt — Pre1)
= 6(p) = V() = 1 (2700 Z )
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Further invoking eq. (2.1]), we have

Y(pe) — Y (pre1) > (¢(Qt+1) — o(qr) — <V¢(Qt)7 dt+1 — Qt> + <ZTQt> ZTQt+1>>

_
2

2

5
ZTQt ) + %HZT%H

2

Telescoping gives the lower bound on 1(py) — ¥ (p;). For the upper bound, note that v is

convex, and thus

2

770(10::) - ¢(pt+1) < <Qt7pt _pt+1> = <(]t,77tZZTQt> =1 ZTQt

) .

QED.

2.2.2  O(1/t) margin maximization rate for normalized GD

Here we show an O(1/t) margin maximization rate for GD with 7, = 1 (equivalently
n =1 /ﬁ(wt)), based on [19, Theorem 7]. We let wy := 0, though our analysis can be easily
extended to handle nonzero initialization.

~

Theorem 2.3. If 7, = 7R (w;) < 1 is nonincreasing and wy = 0, then

minlgign yi(wt,xi) > —¢(—Zwt) > _ 111(71) +1
[ T el T X

Margin maximization has been analyzed in many settings: [I8] proved that for any € > 0,
the margin can be maximized by coordinate descent to v — e with an O(1/t) rate, while [44]
showed an O(1/+/f) margin maximization rate for gradient descent by letting 7, o 1/v/% + 1.
They also analyzed the quantity —t¢(—Zw;)/||w||2, but used Lemma 2.5 If we let #; be a
constant in Lemma , the error term Zj <t ﬂTﬁ?”Zqu”z will be too large to prove exact
margin maximization, while if we let 7, = 1/+/t + 1, then the error term is O ln(t)), but
only an O <ln(t) / \/z_f> rate can be obtained. By contrast, the proof of Theoremé

tighter guarantee given by Theorem [2.2] which always has a bounded error term.

3| uses the

We can also directly run (sub)gradient descent on the (negative) margin function over the
unit ¢/ ball:

min max y;{(w, ;).
lwll2<1 1<i<n s{w, z2)

This gives the batch perceptron algorithm [21], which has O(1/+/t) convergence rate. [45]
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gives a normalized Perceptron algorithm, which also has O(1/+/t) convergence rate. Finally,
we may also apply the ellipsoid method to the margin function; to ensure an € additive error,
it requires O(d? In(1/¢)) steps [9, Theorem 2.4]. In the case where d is large, our convergence
rate in Theorem 2.3 is still faster.

Proof of Theorem [2.5 Theorem [2.2] and lemma [2.3] imply that

2

2

—(p) = —¥(po) + >

Bl7a;
2 0 2

> —(po) +7 )i

Then we have

2

—p(—Zwy) _ —(p) > —(po) +sz:jq ﬁj||Zqu||2 B %0 ’ZTQOHQ

[wellz Nwdll2 ~ [[wello
- 2
]<t njHZTq]H2 _ ¥(po) + ﬂngZTQOHQ
[[well [Jwe 2
It follows from the triangle inequality that ||w|ls < ZKt ﬁjHZquHZ. Moreover, ¥ (py) =

In(n), and || Z 7 go||, < 1 since ||z]|]> < 1. Therefore we have

I,

—(—Zwy) - In(n) + 1.

lwella w2

Furthermore, note that [|w;|2 > (wy, u*), and
(wysn = wy,u) =i (2T g5 0" ) = (20 g5) = iy,
which implies

—¢(=Zwy) - In(n) +1
e T vy

Finally, note that for the exponential loss,

(- =1In Zexp zl,w > 1In <exp (2%§<_Zl’w>>> = — 1%1§nn<zi’w>’

and thus min; <;<,(2;, w) = min;<;<, yi{w, ;) > —Y(—Zw). QED.
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2.3 FAST MARGIN MAXIMIZATION VIA DUAL ACCELERATION

In this section, we further exploit the primal-dual framework developed in the previous
section, and designed a momentum-style algorithm that achieves an 5(1 /t?) margin maxi-
mization rate. This section is based on [20].

The algorithm is given by

_ VR (w,) o VR (w,)
gt = D (gt—l + —ﬁ(wt) ) ;and Wi = we — 0 (gt + —ﬁ(wt) ) : (2.3)

Our main result is that these iterates, with a proper choice of 6, and ;, can maximize the
margin at a rate of O(1/t2), whereas prior work had a rate of O(1/t) at best. The key
idea is to reverse the primal-dual relationship discussed in the previous section: therefore
we show that primal normalized GD is equivalent to dual mirror descent, but here we start
from the dual, and apply Nesterov acceleration to make dual optimization faster, and then
translate the dual iterates into the momentum form in eq. . Note that if our goal is
just to accelerate dual optimization, then it is natural to apply Nesterov’s method; however,
here our goal is to accelerate (primal) margin maximization — it was unclear whether the
momentum method changes the implicit bias, and our margin analysis is very different from

the standard analysis of Nesterov’s method.

2.3.1 A Unified Analysis of Normal and Accelerated Dual Averaging

We first present some general results that will be used throughout our analysis. Consider
a convex function ¢ (which can be arbitrary), and a convex set C, such that ¢ is well-defined
defined and 1-smooth with respect to norm || - || on C. Moreover, suppose w : C' — R is
differentiable, closed, proper, and 1-strongly convex with respect to the same norm || - ||. We

maintain three sequences ¢, 1, v;: initialize pug = qo € C, and for t > 0, let

v = (1 — M) e + M,

Gi+1 = argmin <¢(qt) + (Vo). q — a:) + %Dw(q, Qt)) , (2.4)

qeC

ferr = (1 — X)) gy + NeGusr,

where A\, 0; € (0,1], and D,(q,q") = w(q) —w(q) — <Vw(q’), q-— q’> denotes the Bregman
distance.

The above update to ¢; resembles the mirror descent update. We can instead use a
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dual-averaging update, which does not require differentiability of w: first note that since
w is strongly convex, its convex conjugate w* is smooth [42] lemma 2.19], and thus it is
well-defined and differentiable on the whole Euclidean space. For any initialization py, let
qo := Vw*(po) and for t > 0, let

O,

Pt+1 =Pt — /\—V¢(Vt)a and g1 = Vw" (pri1). (2.5)
t

Note that it is exactly the original update to ¢; if for all ¢ > 0 and ¢ € C, we define
D,(q,q) = w(q) — w(q) — (pr,q — ¢). Below we will analyze this dual-averaging update.
The following result is crucial to our analysis. It combines a dual averaging analysis and
a Nesterov analysis: when 6, = 1, it is basically [34] eq. (24)], and choosing a proper \;
would give us acceleration; on the other hand, we further handle the case of \; = 1, when it

becomes the usual convergence result for dual averaging.

Lemma 2.7. If A, 0, € (0,1] for all t > 0, then for all t > 1 and g € C,

(ot —0(@) + 3 (i -5 Aj)) (6011 — 6(0)

Bo(1 — Ao)
S

(¢(10) — 0(q)) -

To prove Lemma we first recall the following standard result on mirror descent. Its

proof includes direct expansion and calculation, and thus is omitted.

Lemma 2.8. For allt > 0 and ¢q € C,

<pt — P41, Gt+1 — Q> = Dw(Qu Qt) - Dw(Q7 Qt+1) - Dw(Qt—l—h Qt)-

Now we are ready to prove Lemma [2.7]

Proof of Lemmal[2.7. For any t > 0 and ¢ € C,

o) — o(q) < (Vo) v — q)

= (Vo). —q) + (Vo). a — q)
_ 1! ;f\t (Vo) e — ) + (Vo) @ — q)
1-X\

At

IN

(¢(Mt) - ¢(Vt)) + <V¢(Vt)a qt — Q> . (2.6)
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Moreover,
<v¢(l/t>7 qr — CI> = <V¢(Vt)a Gt — Qt+1> + <V¢(Vt)7 Qi1 — Q>
At
= <V¢(Vt)7 4t — Qt+1> + 0—t<pt — De+1, Qo1 — )

A A
= <V¢(Vt)7 q — Qt+1> - G_IDW<QI5+17 qt) + 9_: (DUJ<Q7 Qt> - Dw(Q7 thrl)) )
(2.7)

where we use Lemma in the last step. Next by 1-smoothness of ¢ and 1-strong convexity

of w, we have

1
O(pi1) — () < (Vo(v), s — ve) + §Hﬂt+1 — u?
)\2
=N <v¢<l/t)7 Qt+1 — Qt> + ?tHQtH —
>\2
<N <V¢(Vt>7 Qt+1 — Qt> + Q_é;HC]tH —

)\2
<X (VO(W), a1 — ar) + e_tDw(Qt—Ha ),
t

and therefore

<v¢(Vt>7 qt — Qt+1> - /e\_sz(QtJrl; Qt) < )\i (¢(Vt) - ¢(Mt+1)) . (2-8)

t

Then eqs. (2.6) to (2.8) imply

() — d(q) < (Vo(n), v — q)
< ! ;t)\t (¢(Ht> - ¢(Vt)) + )\lt (¢(Vt) - ¢<Mt+1)) + 2_: (DW(Q7 q:) — Du(q, Qt+1)) )
(2.9)
and rearranging terms gives
T (@) = 9(@) = 52 (9() — 0(0) < 3 (Dula) — Dulaai).

Multiply both sides by 6;/\;, and then take the sum from step 0 to ¢ — 1, the proof is
finished. QED.

Next we invoke Lemma to get concrete rates. We further make the following require-
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Algorithm 2.1: Momentum-style margin maximization.

Input: data matrix Z € R™*? step size (6,)°,, momentum factor (3;)%,.
Initialize: wy =g, = (0,...,0) € RY, ¢ = (%, o %) e A,.
fort=20,1,2,... do

9t < Bi(gi-1 — Z T qu).

Wiy < wy — 0y (gt - ZTQt)-

Gr1 ¢ exXp(—Zwyy1), and g1 € A,

end for
ment on A;:
A =1, and 1.1 < L forall ¢ > 1. (2.10)
AN T A
Note that by this construction,
1 1 -1l 1
T%SA_(%JFZ;X:;X' (2.11)

Theorem 2.4. With eq. (2.10)) satisfied and 6, = 1, for all t > 1 and ¢* € argmin . ¢(q),

o) — d(q") < Ay (Du(q*,00) — Duld™ a)) < A1Du(q", q0).
In particular, if A\, = 2/(¢ + 2), then

4Dw(q*7 q0)

o) — o(q") < e

Proof. For ¢* € argmin,cc ¢(q), we have ¢(u;) —¢(¢*) > 0. It then follows from Lemma[2.7]
and eq. (2.10) and Ao = 1 that

1
Afy

(o) — 0(q%)) < Dulq*, q0) — Duslq*, qr)-

QED.

2.3.2 A momentum-style algorithm

Our momentum-style algorithm is formally described in Algorithm [2.1] It is equivalent to
eq. 1) since Z'q; = Z'VY(—=Zwy) = —Vﬁ(wt)/ﬁ(wt).
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Here is our main convergence result.

Theorem 2.5. Let w; and g; be given by Algorithm 2.1 with 6, = 1 and 3, = ¢/(t+1), then
forall t > 1,

ming <;<p, yi (W, ;) > 4 (1 + ln(n)) (1 + 21In(t + 1))

2
[l 4+ 1)?

Next we prove Theorem First, we apply Nesterov’s method with the ¢; geometry and
entropy regularizer [34] B35] to optimize the dual objective ¢. Specifically, we run eq.
with || - || = || - ||1, and ¢(q) = HZTqH; /2, and w = ¢* (the entropy function). Concretely,
let po = qo := (%, . %), for t > 0, let A, 0, € (0,1], and

v = (1 — M) pe + M,
0
Gt+1 X gy © €xp (—)\—tZZTVt) s Q1 € Ay,
t

frer = (1 — A e + AeGipa-

By invoking Theorem 2.4 we can show an O(1/t?) convergence rate on ¢. However, this
rate is not needed in the margin analysis; instead, we should construct the corresponding
primal iterates based on the above dual iterates.

Here we construct primal variables (w;), such that Vi (—Zw,;) = ¢;. (We do not try
to make Vy(—Zw;) = v, or y, since only ¢; is constructed using a mirror descent or dual

averaging update.) Let wy := 0, and for £ > 0, let

0
Wie1 = wy + )\—tZTVt. (2.12)
t

We can verify that ¢ is indeed the dual variable to wy, in the sense that Vi (—Zw,) = ¢
this is true by definition at ¢ = 0, since V¢)(—Zwy) = Vi(0) = go. For t > 0, we have

0
qi+1 X G © exp (—)\—tZZTVt)
t

7
x exp(—Zw;) ® exp (—)\—tZZTut)
t

0
= exp (—Z (wt + )\—tZTVt)) = exp(—Zwi41).
t

Next, we verify that eq. (2.12)) is consistent with eq. (2.3)) and Algorithm
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Lemma 2.9. Let w; be constructed by eq. (2.12)). For all \;,0; € (0,1], if A\ = 1, then for
all t >0,

Wi = wy — b <9t - ZTC]t) ) (2.13)
where gy := 0, and for ¢t > 1,
Aeo1(1—A
g =2 2 1()\ ) (gt,l — Zth> . (2.14)
t

Specifically, for A, = 2/(t 4 2), it holds that

A1 (1= ) ' N -
— d g==-N"—L_77,..
A\ L e j;t—i-l 9

Consequently, with A\; = 2/(t + 2), the primal iterate defined by eq. (2.12)) coincides with
the iterate given by Algorithm 2.1] with 8; = ¢/(t + 1).

Proof of Lemmal2.9. To prove eq. (2.13)), we only need to show that g, defined by eq. ([2.14])
satisfies

Wy — W 1
gtzt—mﬂLZTQt:—ZT Ve Q-
0, At

It holds at ¢t = 0 by definition, since A\g = 1 and vy = q9. Moreover,

1 1—A 1—A
ot Vil — Qi1 = /\Hjﬂﬂtﬂ = Tﬁﬂ (Vt + AeGryr — %))
oAM= M) (] At(1 = Ay1)
= Nt N Ve —qe | + ot qi+1,

which coincides with the recursive definition of g;.
For \; = 2/(t+2), it can be verified directly that (1 — A\11)/Aee1 = (6+1)/(t+2). The
explicit expression of g; clearly holds when ¢ = 0; for ¢t > 0,

t ) t+1 .

t+1 T t+1 J T t+1 1 J T
= — -7 >:— 7' g — ——7 = — ——7 ' q;.
Ji+1 P <9t qi+1 PR = P 4q; PR qi+1 ;t—i—Q q;j

QED.

Next we prove the margin maximization rate. Similarly to the proof in the previous section,

we only need to show a lower bound on —(—Zwy), since miny<;<p, y;(wy, ;) > —P(—Zwy).
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Below is our lower bound on —1; its proof is based on a much finer analysis of dual Nesterov,

and uses both primal and dual smoothness.

Lemma 2.10. Let 6, =1 for all t > 0, and \y = 1, then for all t > 1,

1 e Ly 1=\ 2
—Y(=Zw) 2 = p(=Zwo) + 2\2 HZTM 2 * Z 2 (AQ_ DY ]) HZT’uj 2
t—1 = j—1 j
t—1
1 2
—z7v.|l .
+ Z 2)\] VJ 2
7=0

Proof. Note that by eq. (2.9)),

(V.= ) £ T (0000 = 6n) + 3 (6100) = D)

+ Xt (Dy+ (¢, @) — Dy (q", @41))

1— >\t 1 % *
= () + N P(pe) — )\—tﬁb(ﬂtﬂ) + A\ (Dw*(q ,qt) — Dy (q 7Qt+1)) .

Moreover, (Vo(1y), 1) = HZTVtHz = 2¢(1), and thus

1—M
At

—(Vo(n),q¢") < ¢(pe) — %d)(uﬁl) + A (Dy(q",01) = Dy (4", qr41)) - (2.15)

Additionally, let p, = —Zw;, we have

Dy+(q",at) = Dy (q"s 1) = ¥*(0") — " (@) — (Pt " — @v)
— (") + ¥ (@41) + Prs1: ¢ — Q1)
= (e, @) — V(@) — (Pes1, Ge1) + ¥ (1) — e — Per1, 47)
=Y(p) — V(Pe1) — Pt — Pet1,97)

= U= Zw) — (= Zuen) - (Vo)) (2.16)

Therefore egs. and (2.16)) imply

1 A
V(=Zw) — Y(—Zwer) > pgb(ﬂt—&-l) )\—tﬁb(ﬂt) + Cb(’/t) (2.17)
t T
Take the sum of eq. (2.17)) from 0 to ¢ — 1 finishes the proof. QED.

We also need the following bounds on [[wy]|s.
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Lemma 2.11. Let 6, =1 for all t > 0, then

Proof. The upper bound follows immediately from the triangle inequality. For the lower

bound, recall u* denotes the maximum-margin classifier,

1
hwelle > Gw 'y = 3 = (27w

v
|

since v; > 0, and ||Vj||1 =1, and (z;,u*) > ~* for all i. QED.

With Lemmas and we can prove Theorem To illustrate the proof idea, we
first show a weaker result which gives 1/t convergence to v*/2; its proof is also part of the
full proof of Theorem [2.5] but much simpler.

Proposition 2.6 (weaker version of Theorem [2.5). With 6; = 1 and \, = 2/(¢+2), we have

ming <<y Yi (W, T4) S 41n(n)
[ T2 (1)
Proof. With \, = 2/(t + 2), it holds that 7— — 1;2’_\j > 0, therefore we can ignore the
| Z7 1|2 terms in Lemma and get
=1y )
.
—(=Zwy) > —p(—Zwy) + ]2; o™ Z' v, - (2.18)
Then eq. (2.18) and Lemma imply
t=1 1 T2
_ . _ e VAR 7 *
U(=Zuwo) —(=Zw) | i 1770l T 2.19)

ol Y e AN

since || Z ]|, > 7* (cf. Lemma [2.3). On the other hand, Lemma and Ay = 2/(t + 2)
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imply

t—1
: “(t+1)2
> 3 T > TEEIE
i—o M
7=0
and thus
U(=Zwy) _ In(n) < 41n(n) y (2.20)
Jwellz - flwell2 = A (E+1)
It then follows from egs. (2.19) and ([2.20]) that
ming<;<, Yi{we, v;)  —(—=Zwy) S 7" 4In(n)
[|we |l T el T2 At 1)
QED.

To prove the full version of Theorem [2.5, we need the following result which gives an

alternative characterization of w; using u;.

Lemma 2.12. Let 6, = 1, we have
1
T T
=Z Q-7 ¢+ Z)\—Z Hj+1;

j=0

and if A, = 2/(t + 2), then

2 L9/ 1— )\ 2
.
2+Z§<)\2 - 7w
j=1 j—1 J

t—1
2
> — — .
2—22/\ L~ 2m(n)In(t + 1)

=

270

and thus

+qj)

t—1
1— )\
=Z"q-Z"q+> 7' < T ’uj+qj+1>
J

J=0

t—1
1
=Z'q—Z ¢+ Z z' (T,UjH) .
=0 J

Proof. Note that by construction, /\itl/t =1

) (2

J=0
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On the second claim, note that

1 2 1
7" S| i
2)\,?_1H Hell, ;2 ()\2 )
t—1
1 1 1— M\
Z 2+ - - J) (7*)2
?, = 2 (AJQ ) /\§
t—1
1 *\ 2
= 2—(7)

Moreover, Theorem implies

v (27,

- w)?) < \;Dye (4", 40) < ; In(n),

and thus
1 R A T D VA Y
e R D DL Gttt | ERC
t—1 j=1 7—1 7
t—1
1
> - *\ 2
2 2Aj(v)
7=0
t—1 i—1
1 2 1 2
= 12 || — oy (HZTM'H - (7*)2)
j;() 2)\] J 2 ]ZO 2)\] J 2
s t—1
> ZK z' M;+1 - Aj
j=0 "7 J:O
Finally, note that
t—1 .
=0 i=0 7 +

the proof is done.

Now we can prove the full version of Theorem [2.5]

Proof of Theorem[2.5 Lemmas [2.10] and [2.12] imply

2 1y N
—\ZTv.
2+22)\-H Vi 2
j=0 "1

V(=Zu0) — 0(~Zw) 2 3 || 2 s
j=0 =79

33
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Therefore

ming <<, y; (W, ;)

[ ]2
(= Zuwo) — W(—Zw)  U(=Zuwy)
B [ ]2 ||wt||2
Zg =0 2, HZT:“JJrle 2= 2o 2, HZTVJ||2 ~ 2In(n)In(t+1) In(n)
B IthHz Hwtllz w2 w2
- Z] 02X, HZTHJ'HHQ ] 0 2X; HZT J||§ B In(n) (1 +2In(t + 1)) (2.21)
N [[well2 [[well2 [[wel[2 ' '

By the triangle inequality and the alternative characterization of w; in Lemma [2.12} we have

HQ'

s <7+ o7

t—1 1 t—1 1
S bl <252

j=0 "7 j=0 "
Therefore

ZJ =0 2); HZTMHHQ v Z] =0 2; ”ZTI“JHHQ
[[wello 2+Z§ %ul 127 111 )],
2+ 250 12 g |

N | =2

* 2
> T - 21(1——* s 2>,
2 Yo 12Tl ) T 20 D)
where we use Z;;B; | ZT pjsal], > Zt oL > M. The remaining part of eq. (2.21
can be handled in the same way as in the proof of Proposition [2.6] QED.

2.4 GENERAL DECREASING LOSSES

In previous sections, we focus on exponentially-tailed losses, such as the exponential loss
or logistic loss. Here we further consider general convex decreasing losses. We show that it is
still possible to characterize the implicit bias of GD, in terms of the regularization path: given

B >0, let w(B) denote the regularized solution with /5 norm bounded by B, concretely

@(B) := arg min R(w), (2.22)

wll2<B
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and the regularization path denotes the curve followed by w as B varies, meaning (w(B))g>.
(Choosing regularized rather than constrained solutions does not change our results regarding
the regularization path; moreover, in either case, the paths are algorithm-independent.)
Then under some mild conditions, we can show that lim;_,. Hfu”ﬁ = limp_ 0o @ whenever
either limit exists.

We also show that different losses can induce very different implicit biases: exponentially-
tailed losses all converge to the maximum-margin direction, but polynomially-tailed losses
(cf. eq. ) may converge to a direction with a poor margin.

The contents in this section are based on [22].

2.4.1 Convergence of GD implies convergence of regularization path

In this subsection we show one direction of the equivalence, which holds in a more general
setting. Given a differentiable convex function f : R? — R (not necessarily the empirical

risk) and an ¢>-norm bound B, the regularized solution is defined as

w(B) := argmin f(w).
[wll2<B

Note that @(B) is not unique in general, but we still have limp_o f (0(B)) = inf,epa f(w),
as is often the case when working with unregularized losses. In this paper we are particularly
interested in the case where the infimum of f is not attained. In that case w(B) is uniquely
defined, because the set of minimizers is convex and contained in the surface of the ¢y ball,
and thus consists of exactly one point due to the curvature of /5 balls. A particular case is an
empirical risk with a nonempty separable part, which has been studies in previous sections.

We consider GD with a constant learning rate 7. Its basic properties are summarized
in Lemma [2.13] If there exists a small step size which ensures decreasing function values,
then gradient descent on f can minimize the function value to its infimum; moreover, if the

infimum of f is not attained, then gradient descent iterates go to infinity.

Lemma 2.13. Given a convex differentiable function f : R? — R, suppose the step size 1

satisfies
flwe) = flwe) < =2 VFw); (2:23)
for all t > 0. Then for any w € R¢,
lwesr — wll3 < [lwe — wll3 + 29 (f(w) = flwen)) (2.24)
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and thus ||wiy1 — w2 < [|Jwy — wl|2 as long as f(w) < f(wey1). Consequently,

hm flw) = inf f(w),

weR?
which implies lim;_,« ||w||2 = oo if the infimum of f is not attained.

Proof. For any w € RY, it holds that

wesr — wll3 = lw, — wl; — 20 (V f(w > —w) + ||V (w)];
= [lwe — wll3 + 20 (V f(we), w — wt>+2n —HVfwt s

< Jwe = wlly + 21 (f(w) f(wt)) +2n (f(we) = f(wigr))
=|lwe = wll5 + 20 (f(w) = f(wesr)) - (2.25)

On the third line we use the convexity of f and eq. ([2.23).

Since f(wy) is nondecreasing, lim;_,, f(w;) exists. Suppose limy_, f(w;) > inf,cra f(w).
Let w € R? satisfy f(w) < lim;_,o f(w;) — € for some € > 0. It follows from eq. that
|wer1 — @5 < |lw, — @3 — 2ne for any ¢, which implies |Jw,y; — @||3 — —oco, which is a
contradiction. QED.

Remark 2.1. The step size condition in eq. (2.23)) holds if f is (globally) S-smooth and
n < 1/B. There are also standard situations where f merely obeys local smoothness over
its sublevel sets; see for example Lemma [3.16, which considers empirical risk minimization

with the exponential loss.
Below is our main result of this section.

Theorem 2.7. Suppose f is convex, differentiable, bounded below by 0, and its infi-
mum is not attained, and the step size 7 satisfies eq. (2.23) and n < 1/ (2f(wp)). If

limy_, o wy/||we||2 = @ for some unit vector @, then also limp_,o, w(B)/B = u.

Proof. The first observation is that for any ¢ > 0, there exists Bj(¢) > 0, such that for any

GD iterate w; with [Jw|l2 > Bi(e), it holds that HH;”% —u|| < e. Given any €, by our

2

assumption, there exists ¢; such that Hm — TLH < € for any t > t;. It is enough to let
2
Bi(e) = maxo<i<y, [lwel2 + 1.
Then we show that limp_, <U_J(B),ﬁ> — oo. If this is not true, then there exists a

constant C' > 0 such that there exists arbitrarily large B with <u’1(B),ﬁ> < C. Choose B,
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such that
1
B; > max {5 (Jlwol2 + C 4+ 1), By (Z) + 1} , and (w(B,),u) < C.

Let t5 denote the first step such that ||wy,||2 > By —1. Since By —1 > ||Jwp||2, we have to > 0.
Moreover, the conditions of Theorem (i.e., eq. (2.23) and n < 1/ (2f(wp))) implies

Wi, — wip—1l2 = UHVf(wtg—ﬁHQ :\/TIQHVf(wt2_1)||§
< /20 (F(wioa) — flws,)) (2.26)
< V 277f(w0) <1

Therefore from the definition of s,
[well2 < [Jwip—1ll2 + llwr, — wiy—12 < Bo =141 = Bs.

By the definition of ¢, and @(B,), we have f (@0(Bs)) < f(w,) for any t < t5. Using eq. (2.24)),

we can show that
s — (B, <||wo — w(By)]. (2.27)
On one hand,
[wo — @ (By) |, < llwollz +||@(Ba)||, = llwollz + Be. (2.28)
On the other hand,

[we, — @(Ba) ||z = lwe, || + B2 = 2 (wy,, @(By))

wy,
ﬂmﬁ+$—m%m§4<M&»
Twnlls
w(Bg)> :

w
w&—m+%—m%mﬁit,
2

By the definition of t5 and By, we have

1
||’lUt2||2 > 32 —1> Bl (Z) s
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and thus H o — Ul < 1/4. As a result,
t2 2
W By ) < (a,@(By)) + ~By < C 1 LB

lwell” TRy 4

and
9 1
| we, — w( Hz (By — 1)% + B} — 2||wy, [.C — §H’wt2|\232
1 3
> (By —1)*+ B — 2C By — 533 > 533 —20B; — 2B,. (2.29)

Combining eqgs. (2.27)) to (2.29)) gives

3
533 —2CBy — 2B, < ||wol|3 + 2|lwo||2B2 + B3,

which implies

2Jwol3
By <4 (|lwoll2+C +1) + % <A (JJlwoll2 + C + 1) + |Jwoll2 < 5 (|lwoll2 + C + 1),
2
a contradiction.
Next we prove the claim that limp . w(B)/B = u. If this is not true, then there exists
> §. Choose B, such that
2

0 > 0, such that there exists arbitrarily large B with H@ — U

w(B & 32
H (B44) —u ) > 5, and <U_)(B4),ﬂ> > B (ﬁ) + HwQHQ + 1, and By > ﬁ
Let B := <w(B4), 11> By geometric arguments, we have
- _ _ _ Byo?
\|@(B4) — Byiil|, — ||w(Bs) — Bsil|, > : (2.30)

Let t3 denote the first step such that ||wy,|2 > Bs—1. Since B3 —1 > ||wyl|2, we have t3 > 0,
and similar to eq. ([2.26) we can show that ||wy,||2 < Bs. Since B3 — 1 > B;(6%/32), we have
EH < 6%/32. As a result,

2

H sz

e, — Batllo <|Juwn, — lfwny o], +[|llws, 127 — Bsal],

R Bsd? B,d?
< 1< 1<
gy +1 < g +1< =2

+1. (2.31)
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Similarly, let ¢, denote the first step such that ||w;,||s > Bs—1, we can show that ||[wy, |2 < By,

and

By6?
32

||wt4 — B4ﬁ||2 S + 1. (232)

Combining eqgs. (2.30) to (2.32)) gives

[@(By) = we, ||, = [[0(Ba) = wis]l,
> ||@(Ba) = By, — || Batt — wy,||2 — || @(Ba) — By, — || Bstt — wy 2

3 3 3
> B4o B B,6 _1_ B,6 1 (2.33)
8 32 32
B,6
= —2>0.
16

On the other hand, using eq. (2.30) and the triangle inequality,
_ _ _ _ _ _ Byo?
By — B3 = ||B4U — Bgu”g > HIU(B4) — B4’LLH2 —HU}(B4) — B3UH2 > T > 4,

and thus t4 > t3. Since ||wy,||2 < By, by the definition of ¢4, and w(By), we have f (w(B4)) <
f(wy) for any t < t4. Since t3 < t4, eq. ‘D implies ||7I)(B4) — wt4H2 < H’LD(B4) —wt3H2,
which contradicts eq. (2.33)). QED.

2.4.2  Convergence of regularization path implies Convergence of GD

From now on, we consider empirical risk minimization with binary classification. The
training data is still assumed to be linearly separable, and the loss function ¢ is assumed to
be convex, differentiable, and strictly decreasing to 0, such as the exponential loss or logistic
loss.

Linear separability and a strictly decreasing loss imply that the infimum of R is not
attained, and thus Theorem can be applied. However, we can show a stronger result:
the GD path converges to a direction if and only if the regularization path converges to (the

same) direction.

Theorem 2.8. Suppose the step size satisfies n < 1/ (2ﬁ(w0)> and

~ ~ 2

R(weer) ~ Rw) < ~ 7| VR(wy)||

(2.34)

for all ¢ > 0. Then limy_,o wy/||we||2 exists if and only if limp_,o, w(B)/B exists, and when
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they exist they are the same.

The “if” part of Theorem [2.§ follows directly from Theorem Next we give a proof of
the “only if” part of Theorem [2.§
In the remainder of this section, we assume that limp ,,, w(B)/B = u for some unit
vector u, and define its margin as
7= min g, ).
Also recall that v* denotes the maximum margin and u* denotes the maximum-margin

solution. We first show that ¥ is always positive.
Lemma 2.14. It holds that ¥ > (v*)?/(2n) > 0.

Remark 2.2. Lemma [2.14] gives a worst-case lower bound on 4 which holds for an arbitrary
decreasing loss. The proof technique can also be adapted to a specific loss function. For
example, if the loss function has a polynomial tail az~°, then limp_,o, w(B)/B exists (cf.
Proposition , and we can prove an (n~/ 1) lower bound on 4. Moreover, there exists
a dataset on which this lower bound is tight (cf. Proposition .

To prove Lemma [2.14] we first need the following result.

Lemma 2.15. It holds that

2

Conversely, if ||w||s = B and w/B = —Vﬁ(w)/HVﬁ(w}‘

, then w = w(DB).
2

Proof. By the first order optimality conditions, w = w(B) if and only if for any w’ with
|w'||l2 < B, it holds that

<V7€(w), w' — w> > 0. (2.35)

Since the infimum of R is not attained, the gradient Vﬁ(w) is always nonzero. The struc-
ture of the ¢y ball implies that eq. (2.35) holds if and only if ||w|s = B and w/B =
—vﬁ(w)/))vﬁ(w)Hz. QED.

Now we can prove Lemma [2.14]
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Proof of Lemma[2.1]]. Since w(B)/B — @, the margin of w(B)/B converges to the margin of
&i. For large enough B, the risk R (w(B)) < £(0)/n, which implies @w(B)/B has a nonnegative
margin, and thus «# also has a nonnegative margin.

The proof of Lemma is by contradiction. Given € := (v*)?/(2n), suppose there exists
By > 0, such that for any B > By, the margin of w(B)/B is no larger than e. We will derive
a contradiction, which implies that the margin of @ is at least (v*)?/(2n).

For any B > 0, Lemma [2.15| ensures that

2

_ <_,v7€ (w(B))> :HVﬁ (w(B))H : (2.36)

For simplicity, let z; := y;x;. The left hand side of eq. (2.36) can be rewritten as

—Z e’( (w(B >) <@,Zi>, (2.37)

while the right hand side of eq. (2.36)) can be bounded below as

~

= (~VR(a(B) u') = %zn: ¢ ((@B),=)) v (239)

=1

Hvﬁ (w(B))

Let H denote the set of data points on which w(B)/B has margin larger than ~*, and suppose

without loss of generality that w(B)/B achieves its minimum margin on z;. It follows from

egs. (2.36) to (2.38) that
S ¢ ((w(B).2)) <<w§_f>> —7*) > ((a(B), =) (w - j_f>>>

z; €H

Now consider B > By, which implies <w(B)/B,zl> < e. Since € < 4*/2; and ||z]]s < 1,
eq. (2.39) implies —nfl'(B~*) > —{'(Be)(y* —€) > —¢'(Be)y* /2, and thus

—U'(Be) _ 2n
By = 7 (2:40)

for all B > By. Let a := Bye = By(7*)?/(2n), and X := 2n/~*, then it means for all z > a,
we have —'(z) < =0/ (A2)\.
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Therefore for any k > 1, we have
aktl a\k

/Mk —l'(z)dz = /:M —'(Ay)Ady 2/ —l'(y) dy,

\e—1 alk—1

where eq. (2.40) is used. By induction, we have

alk+l a
/ —'(z)dz > / —0'(2)dz > 0.

)\k

As a result,

/ —(0'(z)dz = oo,

which is contradiction, since [~ —¢'(z)dz = {(a) should be finite. QED.

Next we can show that to minimize the risk, it is almost optimal to move along the

direction of u, thanks to its positive margin.

Lemma 2.16. Given any « > 0, there exists p(a) > 0, such that for any w with ||w||s > p(«),
it holds that

R ((1+ a)|lwzi) < R(w).

Proof of Lemma[2.16. Since limp_,o, w(B)/B = 4, we can choose p(«) large enough such
that for any w with [|w|l2 > p(«), it holds that

@ (et 7l = 3| < o

In this case, for any 1 <1 < n,

vi <w (lwll2) ’$i> — Y <w (llwllz) - ||w||2ﬂ,$i> + yi (JJwl2t, z;)
< afwlls + i ([lwll2@, ;)
<y (14 @) |wll2a, z;) -

As a result,
R ((1+ a)wlam) < R (@ (|wls)) < Riw).

QED.



Now we are ready to prove the “only if” part of Theorem [2.8]

Proof of Theorem the “only if” part. Given any € € (0, 1), let a satisfy 1/(14+a) = 1—¢
(i.e., let a =¢/(1 —¢€)). Since lim; o ||we]]2 = 00, we can choose a step ¢y such that for any
t > to, it holds that |lw|ls > max {p(a),1}, where p is given by Lemma m

Now for any t > ty, using the convexity of R and Lemma , we have

(VR(wy), we = (14 @) Jwnllai) = Rlwy) = R (14 ) Jwill2) = 0,

meaning
<V7€(wt),wt> > (14 a)||ws <V7€(wt),a> .
Consequently,
~ ~ 1
—wg,u) = (—NVR u)>{—nVR _
(Wi1 — wy, W) < Ui (wt)7u> _< Ui (wt)uwt> TETSIE
= (W1 — Wy, wy) !
— t+1 ty Wi (1—|—oz)||th2

1 , 1 , 1 2> 1
(2” w15 2” |2 2” t+1 ell5 (1+ @) ||w|2

On one hand, we have

1 1
(3lhwessl = houl) A > ool = e

On the other hand, using the step size condition in eq. (2.34), we have

~ 2
2IVR(wy)
Hwt+1 - th% Hth — wt”g n H + ) (A R
2(1 + a)HthZ N 2 2 =7 (wt) (wt+1)
As a result,

s Nwills = flwegll2

(we = wyy, W) 2 1+ MR(wi,) = (L =€) ([well = wyl2) — 1R (wy, ).

meaning

() > 1 e )= 0 Ol — Ry

[l [[we]|2
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Consequently,

Wy

1iminf< ,ﬂ>21—6.
t=oo\ [|well2

Since € is arbitrary, we get wy /| w2 — . QED.

2.4.3 Applications

Here we briefly review some applications of Theorem 2.8 the detailed proofs can be found
in [22].

Theorem [2.8|says that the GD path and regularization path converge to the same direction
if either of them converges to a direction. Moreover, the regularization path is independent
of the optimization algorithm, and thus easier to study. Here are some examples where
w(B)/B converges.

A classical example is that if the loss has an exponential tail, then the regularization path
converges to the maximum-margin direction (see [46], for the case of ¢; regularization). It

turns out that this is also true if the loss has a polynomial tail.

Proposition 2.9 ([22], Proposition 11). If for some a,b > 0,

lim —C8) _ (2.41)

Z—00 a,z_b

then limp_,o, w(B)/B exists.

Moreover, it is indeed possible for a polynomial-tailed loss to induce a sub-optimal margin.

Proposition 2.10 ([22], Proposition 12). For any b > 0, consider a loss function ¢ which
equals z7% for z > 1. There exists a dataset on which the maximum margin is a universal

constant, while the regularization path with ¢ converges to a direction which has margin
O(n~V/(b+D)y,

Finally, Figure [2.1] gives some empirical results.

2.5 ADDITIONAL RELATED WORK

The first concrete studies showing an implicit bias of descent methods were for the ¢;-

regularized case. Coordinate descent, when paired with the exponential loss, is implicitly
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1.2 - 4 exp(—2) [gradient descent] + > #—# exp(—z) [gradient descent]
%% exp(—2z) [regularization path] o 7 - %+ #% exp(—=z) [regularization path]

10- (1+2)~" [gradient descent] 4 * m-8 (1+2)' [gradient descent]
m-m (1+2)°! [regularization path] + 6-HE (1+2)~! [regularization path]
¥—¥ (1+2)? [gradient descent] ++ + + ¥—¥ (1+2)? [gradient descent]

08-y.y (1+2)~? [regularization path] + 5l ¥-¥ (1+2)? [regularization path]
& maximum margin direction ®—® maximum margin direction

0.6 -

0.4 -

0 10 20 30 40

(a) Zoomed in. (b) Zoomed out.

Figure 2.1: Behavior of gradient descent and regularization path for three losses: the ex-
ponential loss exp(—z), and two polynomially-tailed losses (1 + 2)~! and (1 + 2)~2 (with a
quadratic extension along z < 0 for smoothness). The data has one negative (red) point
cloud, and two positive (blue) point clouds; the upper positive cloud pulls the predictors
trained with polynomially-tailed losses away from the maximum-margin direction, which
points straight to the right.

biased towards /;-regularized solutions. This observation is the result of separate lines of
work on descent methods and on regularization methods. On one hand, AdaBoost was
shown to exhibit positive margins, meaning its predictions are not only correct, but in a
certain sense robust [47]; indeed, with some further care on the descent step sizes, AdaBoost
finds maximum-margin solutions [I8, 48]. On the other hand, the ¢;-regularized solutions
also converge to maximum-margin solutions as regularization strength is taken to 0 [46, 49].

On the implicit bias, [50] characterized the implicit bias of many other algorithms, such
as mirror descent and natural gradient descent. [51] proved margin maximization for SGD.
[52] also considered the relationship between GD iterates and regularization path, however
they either focus on strongly convex objectives or margin-maximizing losses such as the
exponential loss. [53], [54] analyzed the implicit bias in the adversarial training setting. [55]

showed that momentum SGD and Adam also maximize the margin.
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Chapter 3: Linear classifiers with general data

In the previous chapter, we focus on linear separable data. In this chapter, we will consider
general data that may not be linearly separable.

First, in the distributional setting, we will consider the agnostic learning problem, where
the optimal linear classifier can achieve a zero-one risk of OPT > 0, and our goal is to compete
with OPT. Previously, for a certain broad class of “well-behaved” distributions, [24] proved
an Q(OPT) lower bound, while [25] proved an O (VOPT) upper bound. In Section , we
close this gap by constructing a well-behaved distribution on which the global minimizer
of the logistic risk only achieves €2 (m) zero-one risk (cf. Theorem , matching the
upper bound in [25]. On the other hand, we also show that we can overcome the Q(v/OPT)
lower bound for logistic loss simply at the cost of one additional convex optimization step
with the ReLU loss and attain O(OPT) zero-one risk (cf. Theorem . This two-step
convex optimization algorithm is simpler than previous methods obtaining this guarantee,
all of which require solving O (log(1/OPT)) minimization problems.

Second, we characterize the implicit bias of GD for general training data in Section [3.2]
We show that the GD iterates are biased to follow a unique ray defined by the data: on
the one hand, the direction of this ray is the maximum-margin predictor of a maximal
linearly-separable subset of the data, and GD iterates converge to this ray in direction. On
the other hand, this ray does not pass through the origin in general, and its offset is the
bounded global optimum of the risk over the remaining data, and GD recovers this offset.
This decomposition of training set is described formally in Theorem while the implicit
bias result is stated in Theorem [3.5

3.1 AGNOSTIC LEARNING WITH THE LOGISTIC AND RELU LOSS

As before, we assume there is an unknown distribution P over R? x {—1,+1} to which
we have access in the form of independent and identically distributed samples drawn from
P. Our goal is to compete with a linear classifier u that achieves the optimal zero-one risk
of OPT > 0 over P. Alternatively, we can think that the labels of the examples are first
generated by u, and then an OPT fraction of the labels are adversarially corrupted.

A very natural heuristic for solving the problem is to use logistic regression. However, the
analysis of logistic regression for this problem is still largely incomplete, even though it is one
of the most fundamental algorithms in machine learning. One reason for this is that it can

return extremely poor solutions in the worst case: [56] showed that the minimizer of logistic
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risk may attain a zero-one risk of 1 — OPT on an adversarially-constructed distribution.
As a result, much attention has been devoted to certain “well-behaved” distributions
(see Assumption for a subset of these conditions), for which much better results can be
obtained. However, even under the “well-behaved” conditions, for any convex, nonincreasing,
and nonconstant loss function, [24] proved an Q (OPTIn(1/OPT)) lower bound for log-
concave marginals and an € (OPTl_l/ S) lower bound for s-heavy-tailed marginals. On the

4

positive side, [25] assumed P, satisfies a “soft-margin” condition: for anti-concentrated
marginals such as isotropic log-concave marginals, this assumes Pr ({ (@, x>| <) =O() for
any v > 0. For sub-exponential distributions with soft-margins, they proved an 9] (\/Oﬁ)
upper bound for gradient descent on the logistic loss, which can be improved to O (\/Oﬁ )
for bounded distributions. Note that these upper bounds and the lower bounds in [24] do
not match: if P, is sub-exponential, then [24] only gave an Q(OPT) lower bound, while if
P, is s-heavy-tailed, then the upper bound in [25] becomes worse.

Here we first construct a distribution @ over R? x {—1,+1}, and prove a lower bound
for logistic regression that matches the upper bound in [25], thereby closing the gap in
24, 25] (cf. Theorem [3.1). On the other hand, we describe a simple two-phase algorithm
that achieves O (OPT) error for general well-behaved distributions (cf. Theorem . Our
two-phase algorithm involves logistic regression followed by SGD with the ReLU loss (i.e.,
the perceptron algorithm) with a restricted domain and warm start. Our algorithm is simple
and sample-efficient: the output is guaranteed to have O (OPT - In(1/OPT) + €) zero-one
risk using only O(d/e?) samples. By contrast, [24] designed a nonconvex algorithm that
achieves O(OPT + ¢) risk, but they need O(d/e*) samples; other prior algorithms achieving
O(OPT + ¢) error also involve solving multiple rounds of convex loss minimization [23] [57].

The contents in this section is based on [26]. In this paper, we also proved an 5(OPT)

upper bound for logistic regression under a radially-Lipschitz condition; it is omitted here.

Additional related work. The problem of agnostic learning of halfspaces has a long and
rich history [58]. Here we survey the results most relevant to our work. It is well known that
in the distribution independent setting, even weak agnostic learning is computationally hard
[59, 60, [61]. As a result most algorithmic results have been obtained under assumptions on
the marginal distribution P, over the examples.

The work of [62] designed algorithms that achieve OPT + ¢ error for any € > 0 in time
dPoy () for isotropic log-concave densities and for the uniform distribution over the hyper-
cube. There is also recent evidence that removing the exponential dependence on 1/e, even
for Gaussian marginals is computationally hard [63, [64] [65].

As a result, another line of work aims to design algorithms with polynomial running time
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and sample complexity (in d and %) and achieve an error of g(OPT) + €, for g being a
simple function. Along these lines [66] designed a polynomial-time algorithm that attains
5(OPT1/ %) 4 € zero-one risk for isotropic log-concave distributions. [23] improved the upper
bound to O(OPT) + ¢, using a localization-based algorithm. [67] further extended the algo-
rithm to more general s-concave distributions. The work of [57] provided a PTAS guarantee:
an error of (14 n)OPT + € for any desired constant 7 > 0 via an improper learner.
Previously, [68] showed that stochastic gradient descent on a two-layer leaky ReLLU network
of any width achieves 9) (\/OW ) zero-one risk, where OPT still denotes the best zero-one
risk of a linear classifier. On the other hand, [27] showed that a wide two-layer ReL.U network
can even achieve the optimal Bayes risk, but their required width depends on a complexity
measure that may be exponentially large in the worst case. It is an interesting open problem

to see if a network with a reasonable width always reach a zero-one risk of O(OPT).

Additional notation. Given r > 0, let B(r) := {z|||z|» < r} denote the Euclidean ball
with radius 7. Given two nonzero vectors u and v, let p(u,v) € [0,7] denote the angle
between them.

Given a data distribution P over R?x {—1, 41}, let P, denote the marginal distribution of
P on the feature space R?. We will frequently need the projection of the input features onto
a two-dimensional subspace V'; in such cases, it will be convenient to use polar coordinates
(r,0) for the associated calculations, such as parameterizing the density with respect to the
Lebesgue measure as py(r,0).

To be precise, given a nonincreasing loss function ¢ : R — R, let R, and R, denote the
corresponding population and empirical risk. We will focus on the logistic loss the ReLLU
loss. For the logistic loss, let Ryog := Ry,,, and ﬁlog = ﬁglog for simplicity; for the ReLU loss,
let R, := Ry, and ﬁr = ﬁgr similarly. Recall that Ro_q(w) := Prz)p (y # sign ((w, x)))

denote the population zero-one risk.

3.1.1 An Q (\/ OPT) lower bound for logistic loss

In this subsection, we construct a distribution @ over R? x {—1, 41} which satisfies stan-
dard regularity conditions in [24] 25], but the global minimizer w* of the population logistic
risk Riog on @ only achieves a zero-one risk of (\/Oﬁ) Our focus on the global logistic
optimizer is motivated by the lower bounds from [24]; in particular, this means that the
large classification error is not caused by the sampling error.

The distribution ) has four parts @)1, 02, @3, and ()4, as described below. It can be
verified that if OPT < 1/16, the construction is valid.
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Figure 3.1: An illustration of @ when OPT = 1/16. Red areas denote positive examples,
while blue areas denote negative examples. The parts ()1, ()2 and ()3 are marked in the
figure, while ()4 is supported on the unit circle and marked by horizontal lines.

1. The feature distribution of @); consists of two squares: one has edge length %,
center (*/75, —‘/7§> and density 1, with label —1; the other has edge length ,/%,

center <—\/T§, ‘/7§>, density 1, with label +1.

2. The feature distribution of ()5 is supported on
([O,JOW} X [0,1]) U ([—x/oﬁ, 0] X [-1,0])

with density 1, and the label is given by sign(z;).

3. Let q3 := %\/ OPT(1 — OPT), then Q3 consists of two squares: one has edge length

L, center (1,0), density 1 and label +1, and the other has edge length /%, center
(—1,0), density 1 and label —1.

4. The feature distribution of @4 is the uniform distribution over the unit ball B(1) :=
{z|||lz]| <1} with density g := L_OPT2VOPT—4s " and the label is given by sign(z1).

™

Note that the correct label is given by sign(z;) on @2, Q3 and Qg4; therefore u := (1,0) is

our ground-truth solution that is only wrong on ();. Here is our lower bound result.

Theorem 3.1. Suppose OPT < 1/100, and let @), denote the marginal distribution of @) on
the feature space. It holds that E,.g,[z] = 0, and E,.q, [z122] = 0, and E,.q, [2? — 23] = 0.

Moreover, the population logistic risk Rj,s has a global minimizer w*, and

OPT
607

3

Ro_1(w*) =Pr (y 2 sign ((w*,x))) >
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We can normalize (), to unit variance and make it isotropic. Then it is easy to verify @),
satisfies the “well-behaved” conditions in [24], and the “soft-margin” and “sub-exponential”
conditions in [25]. Particularly, our lower bound matches the upper bound in [25].

Next we prove Theorem [3.1] First, we bound the density and support of Q..

Lemma 3.1. If OPT < ﬁ, then it holds that g5 < %, and % <q < % As a result, Q, is

supported on B(2) := {z||z|> < 2} with its density bounded by 2.

Proof. For g3, we have

2 2 21
= _—vVOPT(1 -OPT) < =vOPT < =— = —.
@ = 5VOPT(L = OPT) < 5VOPT < 395 = 1
For ()4, its total measure can be bounded as below:
1 2 1 1
1—OPT—2VOPT —gg>1— — — — — — >~
OPT=2VOPT s 2 1= {55~ 15 " 15 = 3

therefore ¢, > % The upper bound ¢, < % is trivial.
On the support of @),, note that for ()1, the largest {5 norm is given by

— <1+ =<2

H\/_? OPT 1 -
2 2 20

For @), the largest 5 norm can be bounded by
1
14+ vOPT < 1+E§2.
For )3, the largest 5 norm can be bounded by
V2 [gs 1 /1
14—/ = <14 =y/—=<2.
+ 2 2 = * 2V 15—

Finally, it is easy to verify that if OPT < 1(1)—0, then @1, Q2 and (Y3 do not overlap, therefore

the density of () is bounded by 1 + % < 2. QED.

The following fact is need in the proof of isotropy; its proof is straightforward and omitted.

Lemma 3.2. It holds that
at+$  pb+3d ats b+
/ / rydydz = abd®, and / / (2% — y*) dy dx = (a* — b?)5°.
a—g b—g a—g b—g
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Then we can prove that () is isotropic up to a multiplicative factor.
Lemma 3.3. It holds that E,.qg,[2] = 0, and E,.q, [z175] =0, and E,q, [2] — 23] = 0.

Proof. 1t follows from the symmetry of @) that E,.q,[z] = 0.
To verify E,.q,[z172] = 0, note that the expectation of z1x5 is 0 on @3 and ()4, and thus

we only need to check ()1 and @Q)5. First, due to Lemma [3.2] we have

OPT

E(Ly)NQl [Il.’L'Q] = —T

Additionally,

VOPT ,1 OPT
E(Iyy)NQz [xle] = 2/ / T1T9 dl‘z dl“l = T
0 0

Therefore E,q, [z122] = 0.
Finally, note that the expectation of 23 — 23 is 0 on @; due to Lemma , and also 0 on

@4 due to symmetry; therefore we only need to consider )5 and ()3. We have
VOPT p1 9 5
Ey)~qe [95% - x%} = 2/ / (aﬁ — :B%) dorydz; = §OPT3/2 — gw/QPT = —qgs.
0 0

Since E(; )0, (23 — 23] = ¢3 by Lemma , it follows that E,.q, [z} — 23] =0.  QED.

Next we prove the risk lower bound. We only need to show that ¢(u, w*), the angle between
u and w*, is €2 (\/ OPT), since it then follows that w* is wrong on an {2 (\/ OPT) fraction of
()4, which is enough since )4 accounts for more than half of the distribution . The first

step is to show that by moving along the direction of @ by a distance of © (Vo#ﬁ)’ we can

achieve a logistic risk of O (\/ OPT). For simplicity, in the remaining part of this subsection,
we let R denote Riog. For i = 1,2,3,4, we also let R;(w) 1= E¢y)~0, [Elog (y(w,x))}, and
thereby R(w) = Y"1 Ri(w).

Lemma 3.4. Suppose OPT < 1/100, let w := (7,0) where 7 = J%ﬁ’ then Rjpg(w) <
5V OPT.

Proof. We consider R1, Ry, R3 and R4 respectively.

1. For @y, note that the minimum of y(w, x) is

V2 1 JOPT) _ 3vV2 1 3v2
—<7+§\/T>T:‘ 2 JoPT 4

o1




Because fo5(2) < —z 41 when z < 0, and OPT < 5, we have

) 3vV2 1 3v2 3v2 3v2
Ry (1) < log (- T Torr 4 ) OPT<—\/OP +<— )OPT
3\/_\/OP T+ (—f ) o —V/OPT
_ 5VOPT
<

2. For (),, we have

vOPT 1 vOPT
RQ(’U_J) = 2/ / Elog(xlf) dI‘Q d[El = 2/ €10g<l’1f> dl’l
0 0 0

/\/ OPT

<2 exp(—x17) dxy

0

- % <1 — exp (—r%Oﬁ)) < %

where we use {1,4(2) < exp(—=z).

3. For )3, the minimum of y(w, x) is

where we use g3 < -+ by Lemma (3.1 Further note that fio5(2) < 1/z when z > 0, we

have

27‘) 1/15 1
< <

Ra(w@ ><Q3f1°g(3 = 97/3 = 107

4. For @y,

2

1 pon 1
- /0 i log (rf‘cos(@)‘) qurdfdr < %/0 i log (TF‘COS(Q)‘) rdfdr,

where we use ¢, < £ from Lemma Lemma then implies

Ry(w) < —

™

/&’d_sﬂ

7 Tr
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Putting everything together, we have

R(w) = Ry(w) + Ro(w) + R3(w) + Ra(w)
5vVOPT 2 8
L OVOPT (2 1 8v2
2 ¥ 107 Ve
§5 (2)PT §<5\/OP
7

QED.

Next we consider the global minimizer w* of Rj.e, wWhich exists since R, has bounded

sub-level sets. Let (r*,0*) denote the polar coordinates of w*. The plan is to assume

p* ¢ |_YOPT VOPT
30 0 30

In our construction, Q)3 and )4 are symmetric with respect to the horizontal axis, and

, and derive a contradiction, which would finish the proof.

they will induce the ground-truth solution. However, (); and ()5 are skew, and they will

\/goﬁ ] The first observation is an upper

pull w* above, meaning we actually have 6* € [0,
bound on r*: if 7* is too large, then the risk of w* over )1 will already be larger than Riog ()

for w constructed in Lemma [3.4] a contradiction.

Lemma 3.5. Suppose OPT < 1/100 and 6* € [O, V%DT], then r* <

=
)

Proof. Let

2 2 N

<£_£> - U_(___ OPT _[_1 OPT)

Let ¢ denote the angle between u and v, then

b < tan(p \/' OPT \/OP i 1
2 24’

and it follows that the angle between v and w* is bounded by

T T \/OPT< T T T

T
1T T30 SutituTy

Moreover, note that the maximum of y(w*, ) on @ is given by

—(w*,v) < —r*||v|| cos T) < rcos(Z) = -
Y — 3 — 3 - 2 .
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Additionally because f1o5(2) > —z, we have

*

R(w") > Ry(w") > Lo (—%) -OPT > % - OPT.

If r* > \/o—ﬁ’ then R(w*) > 5\/OPT, which contradicts the definition of w* in light of

Lemmaﬂ Therefore r* < ——— OPT QED.

However, our next lemma shows that under the above conditions, the gradient of R at
w* does not vanish, which contradicts the definition of w*.

Lemma 3.6. Suppose OPT < 1/100, then for any w = (r,0) with 0 < r < é%T and
0 <6 < YOPT it holds that VRig(w) # 0.

Proof. Let w = (r,0), where 0 < r < \/% and 0 < 6 < YOPL We will consider the

projection of VR(w) onto the direction ey := (0, 1), and show this projection cannot be 0.

1. For @)1, the gradient of this part has a negative inner product with ey, due to the
construction of @, and the fact £,, <0.

2. For ()9, the inner product between e, and the gradient of this part is given by

OPT
2/ / E{Og(xlwl + ZL‘Q’UJQ)ZL‘Q dZL‘Q dl’l. (31)
0 0

Note that zjw; < rxy, while

10 VOPT 1
- JOPT 30 3’

Towy = xorsin (0) < rfh <

and that £ is increasing, therefore

log
Crog(T1W1 + Tows) < L (rzy +1/3)

We can then upper bound eq. (3.1)) as follows:
VOPT p1 1
€q. " S 2/ / Eiog (7"1)1 + g) To dIQ d{L‘l
0 0
VOPT 1
— A Eiog <T:E1 —+ g) d.fl
1 1 1
= — (élog (g +rv OPT) - glog <§>) .
r

o4



Now we consider two cases. If rv/OPT < 2, then it follows from the convexity of fi4
that

vOPT
30

1
eq. B.1) < ~fio, (5 - r\/OPT) rvVOPT < £, (3)VOPT < —
On the other hand, if »v/OPT > 2, then

<! (1) () < 50

Therefore, it always holds that eq. . : Oé) T

() (l) =5

3. For @3, the gradient of this part can have a positive inner product with e;. For
simplicity, let p := %\/%3. To upper bound this inner product, it is enough to consider
the region given by

(L= p 1+ p] < [=p,0]) U ([=1 = p, =1+ p] x [0, p]) .

(y(w,z)) > —3. Therefore the
inner product between e; and the gradient of ()3 can be upper bounded by (note that

Moreover, note that y(w,z) > 0 on @3, therefore £,

x2 < 0 in the integral)

e 0 N 1/152 \/OP
2 ——godaodry = p* = VO
/1—p/—p22 2dT1 = p 16\/_3_16\/_3

where we use ¢3 < 1—15 by Lemma and ¢z < %\/ OPT by its definition.

4. For @)y, we further consider two cases.

(a) Consider the part of @4 with polar angles in (=5 + 20, %) U (5 + 26, 37”) By
symmetry, the gradient of this part is along the direction with polar angle 7 + 6,

and it has a negative inner product with es.

(b) Consider the part of ()4 with polar angles in (-5, —75 + 20) U (3,5 +20). We
can verify that the gradient of this part has a positive inner product with es;

moreover, since —1 < ¢; < 0, this inner product can be upper bounded by

log

VOPT - vOPT
30 60

b 1 49 4
2/0 /0 '’ cos(0')qqr’ A6 dr’ = 2q, - 3 sin(26) < g < .
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where we also use ¢4 < % and sin(z) < z for z > 0.
As aresult, item 3 and item 4(b) cannot cancel item 2, and thus VR (w) cannot be 0. QED.
Now we are ready to prove the risk lower bound of Theorem [3.1]

Proof of Theorem [3.1] risk lower bound. It is clear that R has bounded sub-level sets, and
therefore can be globally minimized. Let the polar coordinates of the global minimizer be

given by (r*,0%), where |0*| < m. Assume that 6* € [——V%’T, V%DT]; due to Q; and Qs,

it actually follows that 6* € [0, VOPT] Lemma then implies 7 < —2%- and then

30 VOPT’
Lemma 3.6 implies VR (w*) # 0, a contradiction.

It then follows that w* is wrong on a % portion of (4. Since the total measure of Q)4 is
more than half due to Lemma 3.1, we have
10 _ vV/OPT

N> >
Ro_l(w>_27r - 607

QED.

3.1.2 A general framework for upper bound analysis

In this subsection, we present a general framework for analyzing the zero-one risk upper
bound. In [26], we use this framework to show an 5(OPT) upper bound for logistic regression
under a radially-Lipschitz condition; for simplicity, we do not include this analysis here.
However, this analysis framework is more versatile than that, as it can also recover the
9] (\/m ) upper bound for general well-behaved distributions with the logistic loss, and
it can also handle the ReLU loss; we will use these results in the analysis of our two-phase
algorithm.

First, we introduce some standard assumptions on the marginal distribution P,. Because
of the lower bound for s-heavy-tailed distributions from [24], to get an O(OPT) zero-one
risk, we need to assume P, has a light tail. Following [25], we will either consider a bounded
distribution, or assume P, is sub-exponential as defined below (cf. [69, Proposition 2.7.1
and Section 3.4.4]).

Definition 3.1. We say P, is (a1, ay) sub-exponential for constants oy, as > 0, if for any

unit vector v and any ¢t > 0,

Pr,..p, Q <v,:v>| > t) < aq exp (—t/Oég) )
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We also need the next assumption, which is part of the “well-behaved” conditions from
[24].

Assumption 3.1. There exist constants U, R > 0 and a function o : R, — R, , such that if
we project P, onto an arbitrary two-dimensional subspace V', the corresponding density py
satisfies py (r,0) > 1/U for all r < R, and py(r,0) < o(r) for all r > 0, and ["o(r)dr < U,
and [“ro(r)dr <U.

Note that for a broad class of distributions including isotropic log-concave distributions,
the sub-exponential condition and Assumption hold with aq, as, U, R all being universal
constants.

Next we describe our analysis framework. We will consider certain w, such that R(w) —
Ry(w) is small, where w := ||@0||2t and £ € {l1og, (;}. For some concrete examples, w can be
the global minimizer of R,, or some GD/SGD iterates whose excess risk is small. Our goal
is to show that Ro_1(w) is also small.

The first step is to express Ry(w) — Ry(w) as the sum of three terms, and then bound
them separately. The first term is given by

Re(i) — Re(w) — E [6 (sign (@, z)) (i, as)) iy (sign ((@, ) (w, x>>] . (3.2)

the second term is given by

E [6 (sign ((w, z)) <11J,.21:)> -0 (sign ((w,z)) (ﬁ),:l:))] : (3.3)

and the third term is given by

E [E (sign ((w, z)) <u§,a:)) -4 (sign ((w,z)) (u?,x))] : (3.4)

where the expectations are taken over P,.

We first bound term (3.2)), which is the approximation error of replacing the true label
y with the label given by @. Since ¢(—z) — ¢(z) = z for the logistic loss and ReL.U loss, it
follows that

term (3.2) = E ]ly#ign(<w7x>) ~y(w — W, x)
The approximation error can be bounded as below, using the tail bound on P, and the fact

Ro-1(w) = OPT.
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Lemma 3.7. For { € {{og,(,}, if ||z]|2 < B almost surely,
|term (3.2)| < Bljw — |3 - OPT.
If P, is (o, ag)-sub-exponential, then
|term (3:2)| < (1 + 20n)as||w — wl|2 - OPT - In(1/OPT).

Proof. Note that for both the logistic loss and the ReLU loss, it holds that ¢(—z) —{(2) = z,

therefore
term 32 = E(x,y)NP |:]1y7£sign((w,m)) ’ y<w - UAJ’ ZL’>:| ) (35)

It then follows from the triangle inequality that

|terIrl ‘ = ]E(xvy)NP |:1y7ésign((w,:v)) | <’lD - 12}, l’> {:|

Now we can invoke Lemma with w = @ and v’ = w — & to prove Lemma[3.77  QED.
Next we bound term (3.3]).

Lemma 3.8. Under Assumption , for ¢ € {liog, (,},

AR3
term (3.3) > [ ]|l2p (0, @),

3U 2

Proof of Lemma[3.8. Note that in term ([3.3), we only care about (w, ) and (w, ), therefore
we can focus on the two-dimensional space spanned by w and w. Let ¢ denote the angle
between w and w. Without loss of generality, we can consider the following graph, where

we put w at angle 0, and w at angle ¢.
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We divide the graph into four parts given by different polar angles: (i) (-5, -5 + ), (ii)
(=24, %), (iii) (3,2 +¢), and (iv) (5 +¢, 2). Note that term (3.3)) is 0 on parts (ii) and
(iv), therefore we only need to consider parts (i) and (iii):

term (3.3) = E) and (i) {E (sign ((w,x)) (w, x>> — /L (sign ((121, x)) <w,x>>}
= B ana i) | —sign (@, 2)) (1, )]

Here we use the fact that {(—z) — ¢(z) = z for both the logistic loss and the ReLU loss.
For simplicity, let p denote the density of the projection of P, onto the space spanned by
w and w. Under Assumption [3.I, we have

term = E(i) and (i) [—sign ((w, z)) <w,x)}
00 —5+e
- / / —rlli |l cos(p — B)p(r, O)r dB dr
0 _

Wl

oo S+
+/ / r||||2 cos(6 — @)p(r, 0)r db dr
o J3

2 [T ¢
> —/ / r||w]|2 sin(8)r df dr
UlJo Jo

_ 2Rl (1 —cos(e)) S AR? ||| 2?
33U - 3Ux?

where we use the fact that 1 — cos(p) > 27%2 for all ¢ € [0, 7]. QED.

Lastly, we consider term ({3.4). Note that it is 0 for the ReLU loss ¢, because ¢,(z) = 0
when z > 0. For the logistic loss, term (3.4) can be bounded by O(1/||w|]2) in general as
showed below, but we can also give a tighter bound with an additional radially-Lipschitz

condition (see [20, Lemma 3.12] for more discussion).

Lemma 3.9. For ¢ =/, term (3.4)) is 0. For { = {},,, under Assumption ,

‘term ‘ < ‘Téﬁ .
2

Proof. For the ReLLU loss, term (3.4]) is 0 simply because ¢,(z) = 0 when z > 0.
For the logistic loss, we first show that under Assumption , for any w € R,

E [ﬁlog (\ (w,x)‘)] < 12U

~ wlle
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Let v denote an arbitrary vector orthogonal to w, and let p denote the density of the

projection of P, onto the space spanned by w and v. Then we have

2
E{&Og } //&Og rlJw||2|cos(f D (r,8)rdodr.

Invoking Assumption (3.1, we have

E [@ ( <w,w>\)] <[t ( / " b (rlwls|cos(@)]) rd@) dr.

Lemma then implies

E {elog Q(w,@\)] < /Ooo o V2 4,

[[wll2

Then it follows from Assumption [3.1] that

E l&"g (Mw’x”ﬂ _ 8v2U - 120U

Now we have

Similarly, we can show

12U 12U
—term ) <

=l ~ Tl
QED.
Lemmas [3.7to[3.9 will be crucial in our analysis of the two-phase algorithm; they can also
recover the O (\/ OPT) upper bound showed in [25]. Here we briefly discuss the ideas; some
proof details are omitted, but they can be found in [26].

For simplicity, first let & = w*, the global optimizer of R, and assume ||z||; < B almost

surely. For simplicity, let ¢ denote ¢(w,u). Lemmas to imply

Cilld|lap® < Blw — |l - OPT + —=—

C, C,
< Blj||ap - OPT + —2-
[[%b]]2 [lbl>”

where C) = 4R3/(3Un?) and Cy = 12U. Now at least one of the following two cases is true:
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1. Cy||w]2p? < 3B||w||2¢ - OPT, which implies ¢ = O(OPT);

2. C1||w]2p* < 3C1/||w]|2, which implies ¢ = O(1/]|w]|2).

VOPT
that ¢ = O (\/ OPT). Finally, we can get a zero-one risk bound by invoking the next result,

which is basically [24, Claim 3.4].

Moreover, it follows from [26, Lemma 3.7] that ||w*||; = Q <;>, and thus it always holds

Lemma 3.10. Under Assumption [3.1]
Ro_1(w) — Ro_1(w) < Pr (sign ((w,z)) # sign ((11‘),95))) < 2Up(w,w).

Proof. Under Assumption 3.1, we have

Pr (sign ((w, z)) # sign ((u‘;,x})) < 2p(w, w) /OOO o(r)rdr <2Up(w,w).

QED.

Now for projected GD, we can obtain a similar guarantee as presented below. The proof
is similar to the above analysis for w*, but we also need to handle the optimization and
generalization error of project GD; the proof details can be found on [26]. We present the
bound in terms of the angle instead of zero-one risk for later application in the two-phase

algorithm.

Lemma 3.11. Given the target error ¢ € (0,1) and the failure probability § € (0,1/e),
consider projected GD

Wiy = HB(l/ﬁ) [wt - 7]V7/€10g(’wt>i| .

€2

If ||z||» < B almost surely, then with n = 4/B?, using O (W) samples and O (52)
iterations, with probability 1 — ¢, projected GD outputs w; with

o(w, @) = O (VOPT +¢) .

If P, is (a1, ag)-sub-exponential, then with n = é(l/d), using O (‘“11(6;2/5)3) samples and
9] <%1/25)2> iterations, with probability 1 — ¢, projected GD outputs w; with

¢(wy,w) = O (\/OPT - In(1/OPT) +¢) .
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3.1.3  An O(OPT) upper bound with ReLU loss

Note that in the analysis for the logistic loss presented in the previous subsection, we
can only get an O (m ) upper bound because of term (3.4). However, as noted in
Lemma , for the ReLU loss, term (]3.4]) is conveniently 0, which seems to suggest that we
may overcome the {2 (m) lower bound via the ReLLU loss. However, note that we cannot
simply optimize the ReLLU risk R,, since 0 is already a global minimizer of R,. Instead, in
our two-phase algorithm, we will first run logistic regression, and then run SGD with the
ReLU loss on a restricted domain on which the norm is bounded below by 1.

Let

D:= {w € Rd‘<w,v> > 1}, (3.6)
the two-phase algorithm is described as below (the parameters 7, T, etc. in this subsection
are all chosen for the second phase):

1. Run projected GD under the settings of Lemma|3.11] and find a unit vector v such that
¢(v,u)is O (VOPT + €) for bounded distributions, or O (1/OPT - In(1/OPT) + ¢) for

sub-exponential distributions.

2. Run projected SGD over the domain D defined in eq. (3.6) starting from wy := v: at
step t, we sample (z,y;) ~ P, and let

wyyr = lp |:wt - 774 (yt<wt7 -75t>) ytxt:| . (3-7)

where we make the convention that £.(0) = —1.
We show the following upper bound.
Theorem 3.2. Given the target error € € (0,1/e), suppose Assumption holds.
1. For bounded distributions, with n = ©(¢), for all T = Q(1/¢?),

E {O%EIT Ro_l(wt):| = O(OPT + 6).

2. For sub-exponential distributions, with n = © <W

)2), for all T = © (M)

E [ min Ro_l(wt)} = O(OPT - In(1/OPT) +¢).

0<t<T

We prove Theorem in the following. We will first handle the bounded case, and then

consider the sub-exponential case.
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Bounded distributions. Let 7 := 1/(v, u), and thus 7u € D. At step t, we have

__ __ _ 2
o =l < e — 7l = 20 (6 (yeluwn, 22)) e, wn = 70) + 026, (o, 2))” a3
(3.8)

Define

M(w) :=Eqop [—E; (y(w, x>)] =Ro_1(w).

Taking expectation of eq. (3.8) w.r.t. (z;,v;), and note that ||z|s < B almost surely and

(¢/)* = —’, we have

E [||werr — 7all3] = [Jlwe — 7ull3 < =20 (VR(wy), w, — Ta) + n> B> M (wy)
< =21 (Re(wy) — Ru(F)) + n* B> M(wy). (3.9)
To continue, we first prove the following bound on R, ().

Lemma 3.12. If ||z]|s < B almost surely, then R.(u) < B - OPT, while if P, is (a1, as)-
sub-exponential, then R,(u) < (1 + 2a4)as - OPT - In(1/OPT).

Proof. Note that
Re(1) = Egy)~p [fr (v(a, y6>)} =E@y~r {ﬂsign(m#y)}@, )|
It then follows from Lemma that if ||x||s < B almost surely, then
R.(u) < B-OPT,

while if P, is (a1, as)-sub-exponential, then

1
Rr(’t_t) S (1 + 20[1)0(2 . OPT -In <m> .

QED.

Next we show the following key lemma, which follows from Lemmas to and the
homogeneity of the ReLLU loss /..

Lemma 3.13. Suppose Assumption holds. Consider an arbitrary w € D, and let ¢
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denote p(w,w). If ||x|ls < B almost surely, then
R.(Fu) < R.([|w]l2) + O ((OPT + €)?)

and

3

Re(w) — Rol[lwlla) > oo

s llwlla® = Bllullag - OPT,

If P, is (o, ag)-sub-exponential, then
Re(71) < Re(|Jw]2@) + O ((OPT - In(1/OPT) + €)%

and

3

Re(w) — Ro(w]a) > oon

> s wlle — (1+ 2a0)azlwlag - OPT - In(1/OPT).

Proof. First assume ||z||s < B almost surely. Note that ¢, is positive homogeneous, and thus

for any positive constant ¢, we have R,(cw) = ¢R,(w). Therefore, if 7 < ||w]|2, then

R.(ru) = Re([wl2u) < Re([wll2w)-

T
[w]l2

If 7 > ||w]|2, then
Ro(ra) = R, (Jullan) + Ro(a) (7 = ) < R, (i) + Rola) (7= 1),

since ||wl||s > 1 for all w € D. Recall that

R B B 1
" (v,u)  cos (p(v,@)) = 1—p(v,u)?/2’

and therefore the first-phase of algorithm ensures 7 = 1 + O(OPT + ¢€) for bounded distri-
butions, and 7 = 1 + O (OPT - In(1/OPT) + €) for sub-exponential distributions. It then

follows that for bounded distributions,

R.(ru)

IN

R: ([lwe]2n) + Re(a) - O(OPT + )
R: (|lwe]2n) + B - OPT - O(OPT + )
R: (Jlwe]]21) + O ((OPT + €)?),

IN
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where we apply Lemma at the end. It also follows directly from Lemmas [3.7)to [3.9 that

_ 4R? _
Re(w) = Re([[wllz2) > 5 llwlla¢® - Bljw — |[wl|zul[, - OPT
4R3 9
> =l ~ Bl - OPT.
The proof for the sub-exponential case is similar. QED.

Now we are ready to prove Theorem for the bounded case.

Proof of Theorem[3.9, bounded distribution. Here we assume ||z|; < B almost surely. We
will show that under the conditions of Theorem then

E {min gpt} =O(OPT +¢), where ¢, = p(w,u). (3.10)

0<t<T

Further invoking Lemma finishes the proof.
We first restate eq. (3.9)): at step t, after taking the expectation with respect to (z, ),

we have
E [||wt+1 — fﬂ“%] < |lw, — 7a||3 — 21 (Rr(wt) — Rr(fﬂ)) +n*B*M (w,). (3.11)
First, Lemma [3.13| implies

Ru(wr) — Ra(F@) > Re(wr) — Re(wrlls@) — O ((OPT + ¢)?)
> 20 lwillapi — Bllwillapr - OPT — O ((OPT +¢)?)

where C := 2R3/(3Un?). Note that if ¢; < B-OPT/CY, then eq. (3.10) holds; therefore in

the following we assume
B
¢ > — - OPT, (3.12)
Gy
which implies

Re(wi) = Re(F) > Cillwilap; — O ((OPT +€)*) > Chf — O ((OPT +¢)?),  (3.13)

since ||w|| > 1 for all w € D.
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On the other hand, eq. (3.12) and Lemma imply
Ch
M(wy) = Ro-1(w) < OPT 42U, < 5 +2U | .

Let

Ci

= (% +2U> B2

Note that if ¢, < ¢, then eq. (3.10) is true; otherwise we can assume € < @y, and let n = Cae,

we have

C
7732M(wt) < OyeB? <§1 + QU) o = Crepy < C’lgof. (3.14)

Now eqs. (B-11), (B-13) and (B14) imply

E [|lwer — Fal3] < llw, —7all3 — 20Ci7 +nCip} +n- O ((OPT + ¢)?)
= ||w; — 7|5 — nCrp? +n- O ((OPT + 6)2) )

Taking the expectation and average, we have

1 |lwo — 7|3 O((OPT+6)2)
E |~ 2l < ‘
T ZSOt - nCIT + Cl

t<T

Note that
Jwo — 7ills = tan(go) = O (VOPT 1 ¢)
and also recall n = Cse, we have

1 O(OPT +¢) O ((OPT +¢)?)
E | = 21 < .
T Z i - 01026T + Cl

t<T

Letting T = Q(1/€%), we have

E %Z ¢;| <O ((OPT +¢€)e) + O ((OPT +¢€)*) = O ((OPT +¢€)?),

t<T
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and thus eq. (3.10)) holds. QED.

Sub-exponential distributions. Next we consider sub-exponential distributions. We

first prove the following bound on the square of norm.

Lemma 3.14. Suppose P, is (a1, ag)-sub-exponential. Given any threshold 7 > 0, it holds
that

E (251 jay,27] < doa (72 +2VdaoT + Qdag) exp [ ——— | .
\/3042

Proof. First recall that

r (||z]l2 > 7) ZPr (|Q:J] > \/_> < do exp (— \/ga2> =:0(7).

Let pu(7) := Pr (||z[]2 > 7). Integration by parts gives

E [[l2]2Lap2r] = / T2 dur) = () + / " 2ru(r) dr < 725(r) + / s dr.

Calculation gives

E [[|2]31 2] < dan (72 + 2Vdo,T + 2da§) exp | ———— .
\/3042

QED.

Now we are ready to prove Theorem for sub-exponential distributions.

Proof of Theorem sub-exponential distributions. At step t, we have

__ __ __ 2
Hwt+1 - 7"“”% < Hwt - WH% —2n <€; (yt(wt,xt)) Yy, Wy — TU> + 77252 (yt<wt,:vt>) ||=77t||§

= [lw, — T3 — 2 <€i (yt(wt, 37t>) YtTe, Wy — m> — L, (3/t<wt7$t>) [EA[E
(3.15)

where we use (£,)? = —{.. Next we bound E(,, y,) [ (ye{wy, z1)) ||z:]|3]-
Let 7 := v/doy In(d/€). When ||z, < 7, we have

E [—4 (e (we, ) thHg]l”xtHQST] < TP M(wy) < dazM(w,) - In(d/e).
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On the other hand, when ||z;||2 > 7, Lemma implies

E |~ (yelwn, 20)) NealLjantazr | < E [zl L o]
< day - O (dIn(d/e)?) - 2
= O (deln(d/e)?),

where we also use In(1/€) > 1, since € < 1/e. To sum up,
Ewnge) [0 (yelwe, @) [[zellz] < Cd (M(wr) + €) - In(d/e)*

for some constant C.
Now taking the expectation with respect to (x4, y;) on both sides of eq. (3.15)), we have

E [[Jwerr — Fal)3] < [lwe — 7all3 — 20 (Re(wy) — Re(Fa)) + n*Cd (M(we) + €) - In(d/e)*.

(3.16)
Similarly to the bounded case, we will show that
E |:0I§1<11T gpt} = O (OPT -In(1/OPT) +¢€), where ¢ := @(w,u). (3.17)

First, Lemma [3.13| implies

Ro(wr) — Ro(Fit) > Re(wy) — Re(|we]la@) — O ((OPT ‘In(1/OPT) + 6)2)
> 20 lwillapi — Csllwyllap: - OPT - In(1/OPT)
~0 ((OPT ‘In(1/OPT) + e)2> ,

where C := 2R3/(3Un?) and Cy = (1+ 2ay)as. Note that if p; < Cy-OPT -In(1/OPT)/CY,
then eq. (3.17) holds; therefore in the following we assume

o > % -OPT - In(1/OPT), (3.18)

1

which implies

Ry(w) = Ru() = Ci w2 — O ((OPT - (1/OPT) + ¢)°)
> Cipf = O ((OPT - In(1/OPT) +¢)°) (3.19)
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since ||w|| > 1 for all w € D.
On the other hand, for OPT < 1/e, eq. (3.18) and Lemma imply

C
M(wy) = Ro-1(w;) < OPT +2Up; < (El + 2U) ©t.
2

Let

_ C
= (g—; +;U> c

Note that if ¢; < €, then eq. (3.17) is true; otherwise we can assume ¢ < ¢, and let

_ Coe
n= dIn(d/o2? we have

C2€  Cde - In(dfe)?

nCd (M(wi) + ) In(d/e)? = dIn(d/e)?

~ dIn(d/¢)?

< CheC (% + QU) 0 + Cy,Ce?
2

= Crep; + 0O <(OPT - In(1/OPT) + E)2>

CdM(wy) - In(d/e)* +

<Cipf+0 ((OPT ‘In(1/OPT) + 6)2) . (3.20)

Now egs. (B16), (B-19) and (3:20) imply

E [[[werr = Fall3] < llw, —7all3 = 20Ci0f +nCrpf +1- O ((OPT -In(1/OPT) + 6)2)

— ||w, — 7ul|2 = nCag? + - O ((OPT n(1/OPT) + 6)2) .

Taking the expectation and average, we have

2
. 1 Z | l[wo — 7|2 . O ((OPT -In(1/OPT) + ¢) )
T t<T e nCiT Ch '
Note that [Jwy — 7| = tan(pg) = O (/OPT - In(1/OPT) + ¢€), and also recall n = dlﬁ%,
we have
2
. 12 ,| _ O(OPT-In(1/OPT) + ¢) dln(d/e)? . 0 ((OPT -In(1/OPT) +¢) )
T Vi - C’ng(—:T Cl ’

t<T
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Letting T' = (2 (%W), we have

E %ZSD? SO(OPT-ln(l/OPT)Jre)-e+O<(OPT-1u(1/OPT)+e)2>

t<T
~0 ((OPT ‘In(1/OPT) + 6)2) ,
and thus eq. holds. QED.

3.2 CHARACTERIZATION OF THE IMPLICIT BIAS

In this section, we will characterize the implicit bias of GD on a general training set.
Specifically, we will show that GD, when applied to the task of logistic regression, outputs
iterates which are biased to follow a unique ray defined by the data. The direction of this
ray is the maximum-margin predictor of a maximal linearly separable subset of the data;
the GD iterates converge to this ray in direction. The ray does not pass through the origin
in general, and its offset is the bounded global optimum of the risk over the remaining data;
gradient descent recovers this offset at a rate O((Int)?/v/1).

This section is based on [17]. For simplicity, here we will often focus on the exponential

loss; however, the logistic loss was also handled in [17].

Additional notation. Recall that the training set is denoted by {(z;,v;)},, and for

simplicity we let z; := y;2;. Assume |[|z||o < 1 without loss of generality, and collect them
T

positive integer k and any v € R¥, let L(v) := Zle ((v;), whereby ﬁ(w) = L(Zw)/n, with
gradient V’ﬁ(w) := Z 'V L(Zw)/n. Note that we allow L to have varying input dimension,

into a matrix Z € R™¢ whose i-th row is given by z'. Given a loss function ¢, for any

which will be convenient in the following analysis.

As in Theorem , the matrix Z defines a unique division of R? into a direct sum of
subspaces RY = S @ S+. The rows of Z are either within S or S¢ (i.e., R?\ S), and without
loss of generality reorder the examples (and permute the rows of Z) so that Z = [i]
where the rows of Zg are within S and the rows of Z, are within S¢; tying this to the
earlier discussion, Z,. is the maximal linearly separable part of the data, and Zg consists of
the remaining data. Furthermore, let IIg and II, respectively denote orthogonal projection
onto S and S*, and define Z, := II, Z, for simplicity, where each row of Z, is orthogonally

projected onto S*.
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By this notation,

MV(Loz)w) =T [ 2] vi([2)w)=m, [2] [TeEw] - (2.7 [guzw)

1V(LoZ)(w) =11, ze| V Zg | W | = 1| z4 VL(Zsw) _[0} VL(Zsw)
= 7| VL(Z.w),

which has made use of L at varying input dimensions.

GD here starts with wy := 0, and thereafter set w;; := w; — njVﬁ(wj). It is convenient

to define v; := HV(lnﬁ)(wj) ‘2 = )’Vﬁ(wj) ‘2 /ﬁ(w]) and 7; = nj'ﬁ(wj), whereby
hwella < 37| RGw)|| = D
<t i<t

3.2.1 Problem structure

In this subsection, we characterize the unique ray {o +r - : r > 0} to which GD iterates

are biased. To build towards this, first consider the following examples.

Linearly separable. Consider the data

at right in Figure 3.2} a blue circle of pos- . . -
.. . . . + + -
itive points, and a red circle of negative WO 00010 to- -
points. The data is linearly separable: there * g - -
+ + _ _
exist vectors v € R? with positive margin, et T

meaning min; (u, z;y;) > 0. Taking any such Figure 3.2: Separable.
u and extending it to infinity will achieve 0

risk, but this is not what gradient descent chooses. Constraining w to have unit norm, a
unique maximum margin point 4 = —e; is obtained. The green gradient descent iterates

follow u exactly.

I Strong convexity. Now consider moving the cir-
d _—_ +++ _—_ cles of data in Figure until they overlap, obtain-
O? o0 E - ing Figure [3.3l This data is not linearly separable;
++++ -_?+++ = indeed, given any nonzero vector u € RY, there exist

P

data points incorrectly classified by u, and therefore
Figure 3.3: Strongly convex. extending u indefinitely will cause the risk to also in-
crease to infinity. It follows that the risk itself is 0-coercive [70], and moreover strongly convex

over bounded subsets, with a unique optimum v. Gradient descent converges towards .
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An intermediate setting. The preceding two set- prrre,

tings either had the circles overlapping, or far apart. :++ +++_: -
What if they are pressed together so that they touch Oronosoooo o :+<> §‘>_
at the origin? Excluding the point at the origin, the R S
circles may still be separated with the maximum mar- Figure 3.4: Mixed data.

gin separator 4 = —e; from the linearly separable in-
stance Figure . This example is our first taste of the general ray {v 47w : r > 0}, albeit
still with some triviality: v = 0. Specifically, % is the maximum margin separator of all data

excluding the point at the origin; the risk in this instance is bounded below by ¢(0)/n, which

is the necessary error on the point at the origin; the global optimum for that single point is
v =0.

The general case. Combining elements
from the preceding examples, the general

- case may be characterized as follows; it ap-

pears in Figure|3.5 with all relevant objects

- labeled. In the general case, the dataset

consists of a mazimal linearly separable sub-
set Z., with the remaining data falling into
Figure 3.5: The general case. a subset Zg over which the empirical risk
is strongly convex. Specifically, Z. is con-
structed with the following greedy procedure: for each example (x;,y;), include it in Z. if
there exists u; with (u;, z;4;) > 0 and min; <uj,xjyj> > 0. The aggregate u == »_,_, u;
satisfies (u,x;y;) > 0 for i € Z. and (u,z;3;) = 0 otherwise. Therefore Z, can be strictly
separated by some vector u orthogonal to Zg; let @ denote the maximum margin separator
of Z., which is also orthogonal to Zg.

Turning now to Zg, any vector v which is correct on some (z;,y;) € Zs (i.e., (u, z;y;) > 0)
must also be incorrect on some other example (z;,y;) in Zg (i.e., <v,xjyj> < 0); otherwise,
(x;,y;) would have been included in Z.! Consequently, as in Figure above, the empirical
risk restricted to Zg is strongly convex, with a unique optimum v. The gradient descent
iterates follow the ray {o +r - @ : r > 0}, which means they are globally optimal along Zs,
and achieve zero risk and follow the maximum margin direction .

Turning back to the construction in Figure the linearly separable data Z. is the two
red and blue circles, while Zg consists of data points on the vertical axis. The points in Zg
do not affect u, and have been adjusted to move v away from 0, where it rested in Figure [3.4]

The above constructions are made rigorous in the following Theorem [3.3} its proof follows

72



the intuition above.

Theorem 3.3. The rows of Z can be uniquely partitioned into matrices (Zg, Z.), with
a corresponding pair of orthogonal subspaces (5, S*) where S = span(Z{) satisfying the

following properties.

1. (Strongly convex part.) If / is twice continuously differentiable with ¢’ > 0, and
¢ >0, and lim,_,,, (z) = 0, then L o Z is strongly convex over compact subsets of S,

and LoZg admits a unique minimizer v with inf ,cga L(Zw) = inf,cs L(Zsv) = L(Z0).

2. (Separable part.) If Z.is nonempty (and thussois Z ), then Z, is linearly separable.

The maximum margin is given by
7 :=max { min(Z u); : [Jul|> = 1} = min {HZIq” :q >0, Z% = 1} > 0,
i 2 -

and the maximum margin solution « is the unique optimum to the primal problem,

satisfying « = Z| g/~ for every dual optimum ¢. If £ > 0 and lim,_,., ¢(z) = 0, then

inf L(Zw) = L(Zsv) + lim L (Z.(v+ ru)) = L(ZsD).

weRd r—00

Before proving Theorem [3.3] note the following result characterizing margin maximization
over S*, which can be showed by applying Lemma to 7.

Lemma 3.15. Suppose Z,| has n. > 0 rows and there exists v with Z,u > 0. Then
7 :=max { min(Z u); : [Jul| = 1} = min {HZIqH 1q >0, Z% = 1} > 0.
) 2 -

Moreover there exists a unique nonzero primal optimum «, and every dual optimum ¢ satisfies
u=Zlq/y.
The proof of Theorem [3.3] follows.

Proof of Theorem |3.5. Partition the rows of Z into Z, and Zg as follows. For each row i,
put it in Z. if there exists u; so that Zu; > 0 (coordinate-wise) and (Zu;); > 0; otherwise,
when no such w; exists, add this row to Zg. Define S := span(ZJ ), the linear span of the

rows of Zg. This has the following consequences.

e To start, ST = span(Z{)* = ker(Zs) 2 ker(Z).
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e For each row 7 of Z., the corresponding u; has Zsu; = 0, since otherwise Zu; > 0
implies there would be a positive coordinate of Zgu;, and this row should be in Z,.
not Zg. Combining this with the preceding point, u; € ker(Zs) = S+. Define @ :=
dYoiui € S+, whereby Z.4 > 0 and Zg@ = 0. Lastly, @ € ker(Zs) implies moreover that
Z u = Z.a > 0. As such, when Z, has a positive number of rows, Lemma [3.15 can be

applied, resulting in the desired unique @ = Z[q/y € S* with v > 0.
o S, S+ Zg, Z., and u are unique and constructed from Z, with no dependence on /.

e If Z. is empty, the proof is trivial, thus suppose Z. is nonempty. Since lim,_,, ¢(z) = 0,

0< inf L(Zw) < inf L(Z.w) < inf L(Zwu) < lim L(r - Z.u) = 0.

weERC weSL ueS+ r—00

Since these inequalities start and end with 0, they are equalities, and consequently

inf,,cra = inf,cq1 L(Z.u) = 0. Moreover,

inf L(Aw) < inf (L(Zs(u+v) + L(Ze(u+v))) = inf (L(Zsv) + inf L(Z.(u+v)))

weRd ueS+
uesS+t
< (; . | < '
< (})IelgL(ZSU)) + <ulensfL L(Zcu)) <111161£L(ng)) < wlélugd L(Aw)

which again is in fact a chain of equalities.

e For every v € S with ||v||s > 0, there exists a row a of Zg such that (a,v) < 0. To
see this, suppose contradictorily that Zgv > 0. It cannot hold that Zgv = 0, since
v # 0 and ker(Zg) C S*. this means Zgv > 0 and moreover (Zsv); > 0 for some 1.
But since Zu > 0 and Z.u > 0, then for a sufficiently large r > 0, Z(v + ra) > 0 and

(Zs(v+ru)); > 0, which means row i of Zg should have been in Z., a contradiction.

e Consider any v € S\ {0}. By the preceding point, there exists a row a of Zg such that
(a,v) < 0. Since £(0) > 0 (because ¢ > 0) and lim,_, £(z) = 0, there exists r > 0
so that {(—r (a,v)) = £(0)/2. By convexity, for any ¢t > 0, setting o := r/(t + r) and
noting «a (a,tv) + (1 — «) (a, —rv) = 0,

al(t (a,0)) > €0) — (1 — a)f(—r (a,v)) = (1 ! “) (),

thus (¢ (a,v)) > (&) £(0) = (22) £(0), and

2c 2r

lim L(tAv) — L(0) > lim ((t (a,v)) —nt(0) > lim

t—o00 T t—oo t ~ t—oo 2r

£(0) <(t+2r) —2nr) -

t
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Consequently, L o Z has compact sublevel sets over S [70), Proposition B.3.2.4].

e Note V2L(v) = diag(¢"(v1),. .., ¢"(v,)). Moreover, since ker(Z) C S+, then the image
By :={Zv :v € S, ||v]l2 = 1} over the surface of the ball in S through Z is a collection

of vectors with positive length. Thus for any compact subset Sy C S,

inf vy VX(LoA)(v))v, = inf  (Avy)  VZL(Av;)(Avs)
v1 €Sy v1 €Sy
v2€ES,||va]|2=1 v2 €S, ||v2||2=1
_ 2y
= virelgo Vg v/ L(Av)vs
v3€ By

V1 ES|
v3€By

> inf ||lvs||3 min £’((v1);) > 0,
0 i

the final inequality since the minimization is of a continuous function over a com-
pact set, thus attained at some point, and the infimand is positive over the domain.

Consequently, L o Z is strongly convex over compact subsets of S.

e Since Lo Z is strongly convex over S and moreover has bounded sublevel sets over .S,

it attains a unique optimum over S.

QED.

3.2.2 Risk convergence

In this subsection, we prove risk convergence guarantees for the exponential loss, which
will also be useful in the characterization of the implicit bias.

Note that the exponential loss is not globally smooth, but we can still use local smoothness
and prove the following result. The proof is based on the convergence guarantee for AdaBoost
[12]. Recall the definitions v; := HV(ln R) (w;) ‘2 = HVﬁ(wj) ) /ﬁ(wj) and 7, 1= njﬁ(wj).

Lemma 3.16. Suppose ¢ is convex, || < £, (" < {, and 1); = njﬁ,(wj) < 1. Then

‘ 2 R

R(wje) < Rlwy) = n; (1 - @) | VR = Rewy) (1= (1 = 75/23)

and thus

~

R(w) < Rlwo) [T (1 =050 = 2/272) < Riwo)exp | = > i1 = 3/2)7

J<t J<t
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Additionally, ||w|s < Zj<t 1575+

Next we prove Lemma [3.16| For convenience, for the rest of this subsection define v’ :=
w— nVﬁ(w) =w —nZ " VL(Zw)/n, and suppose throughout that ¢ is twice differentiable.

Lemma 3.17. For any w € R¢,

2

~

—~ 2 /\
R(w') < R(w nHVR +%v w)

max Zé" (Zwv)/

2 2 vE[w,w’]

Proof. By Taylor expansion,

2

R(w') < R(w) — UHVﬁ(w

2 "
§vénax Z "(Zw)/n.

By Holder’s inequality,

max (Zi(w —w"))*0"(Zw) < max HZ w—w') iZﬁ”(Zﬂ)).

vE[w,w'] 4= vE[w,w']
i

Since max; || Z;[[s < 1,

2

12 (w — w)| —77HZVR )H :anZaX<Zi,V7€(w)>2

N 2
2 VR(w)H <n?
2

00
2

R(w)

2

Thus

2

max Zﬁ” (Ziv)/

2 vE[w,w’]

~

R(w') < R(w) nHVR +%2Hv7€(w

QED.

Lemma 3.18. Suppose |[¢'[,¢" < ¢ and ¢ is convex. Then, for any w € R?,

o~

max ZE” (Zv)/n < max {R(w),ﬁ(w')} :

vE[w,w']
Define 7} := R (w) and suppose 9 < 1; then R(w') < R(w) and

o PR,
Rw') < Rw) | 1401~ 0/2

w)
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Proof. Since ¢ < ¢ and ¢ is convex,

max ZE" (Zv)/n < max U(Zw)/n = max R(v) = max {ﬁ(w),ﬁ(w’)} :
vE[w,w’] 4= vE[w,w’] - vE[w,w’]

Combining this, the choice of 1, and Lemma [3.17],

2

max {ﬁ(w), ﬁ(w')}

jmax {ﬁ(w), ﬁ(w/)}
R(w) 2 R(w)

+ ";Hvﬁ(w)

R(w') < R(w nHVR

2

Finally, suppose ﬁ(w’) > R(w); since 7 < 1 and |[¢'| < ¢ and max; || Z;||2 < 1,

. 2
Rw) . _VR@, (3w Y G (AR@) ) IR
R(w) T R(w)? 2 R(w 2 R(w) T2Rw)
a contradiction. Therefore R(w') < R(w), which in turn implies
N 2
| VR@w) ;
R(w') S R(w) - A—Q (1 — —) .
R(w) 2
QED.

Together, these pieces prove the desired smoothness inequality.

Proof of Lemma([3.16. For any j < ¢, by Lemma and the definition of v;,

2

A~

Riwsi1) < Riwy) | 1-,(1 77/2)M = Rlw;) (1 - 3,1 = 13/272)
J+l) = J J R(U]j)2 J J J 7 )

Applying this recursively gives the bound.
Lastly,

Z 1575

nJVR wj )R w;)

lwello = (> 7, VR (w;) /R(w;) <Z

j <t
J< 9

QED.
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Now by combining Lemma and Lemma [2.13] we can prove the following risk bound.

Theorem 3.4. For / € {élog, Eexp}, given step sizes n; < 1 and wy = 0, then for any ¢t > 1,

) s v Gll2 - 1n(4)2 /~2
R(ws) — inf Rw) < ¥ (I212) n ||U||2+t1_1§ )’/
weRd t Qijonj

Proof. Note that both fe, and f, satisfy the conditions of Lemma Moreover, since

~

ﬁ(wo) = ((0) < 1, it follows that as long as n; < 1, we have 7; = n;R(w;) < 1 and
ﬁ(wjﬂ) < ﬁ(wj). Therefore Lemma implies

~

Rlwys) < Rluwy) — 1, (1 - M) [vR )

2

9

2

, S Rlwy) = || VR(w;)

2

and it then follows from Lemma that for any w € R,

loll3

(wy) < R(w) + m

)

The proof is done by letting w := v + @ lIn(t) /7, since

n exp (HT)HQ)

L(Zw) = L(Zsv) + L(Z.w) < inf L(Aw) + nexp (|lo]l2 — In(?)) = inf L(Aw) + " :

where we invoke Theorem and use Loy < lexp and ||z;]]2 < 1. QED.

3.2.3 The implicit bias analysis

Here is our implicit bias result.

Theorem 3.5. Consider the exponential loss. Let the learning rate n; = 1/4/7 + 1, then it
holds that

2
IMswell, = ©(1) and  Hsw, —0fl; =0 (ln\(/? ) :

and if Z. is nonempty, then w;/||w||s — @.

Below we prove Theorem [3.5] Note that to illustrate the key proof ideas, we only focus
on the exponential loss and asymptotic convergence here; [I7] further handled the logistic

loss and provided convergence rates.

78



The analysis over S is easy. For convenience, define

Re(w) = L2 & )= BE0) 2k R(w),

n n weRd

and note ﬁ(w) =R (w) + ﬁc(w). Convergence over S is a consequence of strong convexity

(cf. Theorem [3.3)) and risk convergence (cf. Theorem [3.4)).

Lemma 3.19. Let A denote the modulus of strong convexity of 7%5 over the 1-sublevel set
(guaranteed positive by Theorem . Then for any t > 1,

7 =112 1 t2 2
- {17 exp (oll2) , 198 + In(0)/x }
t Qijonj

I Tsw, — || <

Proof. By Theorem , 7/?\,5(17) — R. Thus, by strong convexity,

~

(ﬁs(w) - ﬁs(@)) < ; (R(wt) ~ inf ﬁ(w)) .

2
||HSwt—U||2 < R

The bound follows by noting ﬁ(wt) < ﬁ(wo) < 1, and alternatively invoking in Theorem .
QED.

If Z. is empty, the proof is complete by plugging n; = 1/4/7 + 1 into Lemma [3.19, The
rest of this subsection assumes Z, is nonempty and establishes convergence to @ € S*.

First we prove the following key lemma, using the Fenchel-Young inequality.

Lemma 3.20. For any w € R,

)~ (RO -R) () +[s(w)],

[wlla 7wl Mwlls

Note the additional term ||Hg(w)

o by Lemma , this term is bounded.

Proof. First note that
Zyw=ZIlw=Zw+ Z(Il,w—w) = Zw — ZJIgw,
thus

(¢, Z1w) = (G, Zew) — (G, ZJs(w)) > (q, Zew) = [|@l11[| ZeTTs (w) ]
= (q, Z.w) — mZaX(Zc)i;HS(w) > (q, Zew) —HHS(w)‘

27
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where ¢ is the optimal dual solution given by Theorem Moreover, note that given & € R¥,
we have In L(€) = In 321 exp(—§;), so it follows from the Fenchel-Young inequality that

(ww) (Zlgw) (q,Z.w) (.~ Zaw) |[Ts(w)],

fole = Alwlz Al = Al YMwll
CInLe(w)+g° (@ ||Hs(w)],
Ywll2 Ywll2
_lnﬁc(w) +In(n) HHS(U))H2
YMwll YMwll2

where ¢*(g) < 0 denotes the negative entropy of . Also note that ﬁc(w) < ﬁ(w) — R, we

have

In (ﬁ(w) — 72) +In(n) [mstw)]],

[w]l2 Ywlls MNwlz

QED.

To apply Lemma , we also need the following bound on ﬁ(wt) ~R.

Lemma 3.21. Suppose 7; < 1 (meaning n; < 1/7€(wj)). Also suppose that j is large enough
such that ﬁ(wj) —R < M1—r)/2for some r € (0,1), where X is the strong convexity modulus
of 7%5 over the 1-sublevel set. Then

R(wjs1) =R < <7/€(wj) - R) exp <—7“Wﬂ7j (1- ﬁj/2)> :
Proof of Lemma |3.21. Invoking Lemmas and and proceeding as in Lemma |3.18]

2 PR(w;) 2

R(wy) = R < Rwy) = R =y | VR(w)) || + === VRw))||
< (R ) | 1= "L (1 Ry )
_ _ HVﬁ(wj) ) niR(w;) || VR (w,) ) .
_ (R(wj) - R) (1 e R T (1 — R (w;) /2))
< (ﬁ(wg‘) - ﬁ) (1 - Hﬁi:(%)?é iy (1 = ﬁj/2)> : (3.21)
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Next it will be shown, by analyzing two cases, that

HVﬁ(wj) )
= = > 7. (3.22)

R(IU]) - R

In the following, for notational simplicity let w denote wj.

A~ —

e Suppose ﬁc(w) <r <R(w) — R) Consequently,
Rs(w) — R > (1—r) (ﬁ(w) . 7%) .

A~ —

Then, since 4 (R(w) - R) <2M\(1—1),

2

Hvﬁ(w) . —Hvﬁc(w 2 +Hvﬁs(w>
R(w)—R R(w) — R
| Refw) + V2ARs(w) = R)
R(w) — R
—r(R(w) = R) + /201 = 1)(R(w) = R)
R(w) — R

v
)

e Otherwise, suppose ﬁc(w) >r <7€(w) — 72). Using an expression inspired by a general

analysis of AdaBoost |71, Lemma 16 of journal version],

|VR@)|, = (@ VRw)) = (25 VL(Zw)/n) = (Z:3. VL(Zew)/n) 2 yRo(w),

Thus

[awl,  mo 2 ((R0-7))
R(w)—R ~ Rw)—R R(w) — R

Combining eq. (3.21) with eq. (3.22]),

R(w;q) — R < <7/€<wj) - 73) (1 — i (1= 77;’/2)) :
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QED.

A key property of the upper bound in Lemma is that it has replaced 77 in Lemmam
with ~;7. Plugging this bound into the Fenchel-Young scheme in Lemma will now

fortuitously cancel v, which leads to the following promising bound.

Lemma 3.22. Select ¢, so that ﬁ(wto) — R < min{l/n, A\(1 — r)/2} for some r € (0,1).
Then for any t > ¢y and any w,

_ t—1 A~ N
(@, we) o T3 (L= 03/2) [[Ms(wn)],
Jwell2 — [[we 2 V[wella

Proof. By Lemma [3.16] since n; < 1, the loss decreases at each step, and thus for any ¢ > ¢,
R(w;) < A(1 —7)/2. Combining Lemma and Lemma [3.21]

(0, wy) . —In (ﬁ(wt) - 72) In(n) —i—HHS(wt)HQ'

Jwella — Vl[wella Vl[wella
. >, (1= 1;/2)y; — In (ﬁ<wt0> - 7‘%) In(n) +|[Ts(w),
N Ylwel|2 V][well2
. ry i (1= 1/2) CIn(l/n)  In(n) +||Ts(w)],
B [[wel2 V][we|2 V]Jwel2
7"2;;10 (L= ;/2)7 | Ts(w)],
B [[wel2 YlJwell2

QED.
Now we are ready to prove Theorem [3.5

Proof of Theorem[3.5 The guarantee on #; and the Z. = () case have been discussed in
Lemma [3.19] therefore assume Z. # (). The proof will proceed via invocation of the Fenchel-
Young scheme in Lemma [3.22, applied to wy.
It is necessary to first control the warm start parameter t,. Fix an arbitrary e € (0, 1),
set r:=1—¢€/2, and let ¢y be large enough such that
R(wy) — R < % R(wy) — R < M:% 1—% > 1—77—;0 > 1—%. (3.23)

By Theorem and the choice of step sizes, it is enough to require

oDUoll2) oy f 1A o5 + In(to)*/2* _ 1 Ae L ¢
to - 2n’ 8 ’ 2\/% - 27’L7 8 ’ 2 t0+1_2
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Therefore, choosing tg = O (maX {n2, 1/ 62}) suffices.

Invoking Lemma [3.22 with the above choice for wy,

H _{u,w)
2| lwellz |, [[well2
<1_ rza 1o N1 = 1i/2)7; iy s (w)],
N [[we |l V][wel|2
t—1 A
<1_ (1—¢/2) Zj:ton]( —€/2)y +HHS )”2
N [[wel]2 Y|well2
t—1 A
o1 (I—e) > |[Hs(w),
- [[well2 V|[well2
1= (Il + 5, ) loll |[Ts)],
=1- +(1—¢
[[wello [[wel|2 V][wel|2
ol s(w)ll,
- [[well Vl[well2

Since € is arbitrary, it follows that wy/||w¢||2 — .
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QED.



Chapter 4: Wide two-layer ReLU networks

Despite the extensive empirical success of deep networks, their optimization and general-
ization properties are still not fully understood. Recently, the neural tangent kernel (NTK)
has provided the following insight into the problem. In the infinite-width limit, the NTK
converges to a limiting kernel which stays constant during training; on the other hand, when
the width is large enough, the function learned by gradient descent follows the NTK [2§].
This motivates the study of overparameterized networks trained by gradient descent, us-
ing properties of the NTK. In fact, parameters related to the NTK, such as the minimum
eigenvalue of the limiting kernel, appear to affect optimization and generalization [72].

However, in addition to such NTK-dependent parameters, prior work also requires the
width to depend polynomially on n, 1/§ or 1/e, where n denotes the size of the training
set, 0 denotes the failure probability, and € denotes the target error. These large widths far
exceed what is used empirically, constituting a significant gap between theory and practice.

In this chapter, we narrow this gap by showing that a two-layer ReLU network with
Q(In(n/d) 4+ In(1/€)?) hidden units trained by gradient descent achieves classification error
€ on test data, meaning both optimization and generalization occur. Unlike prior work, the
width is fully polylogarithmic in n, 1/6, and 1/¢; the width will additionally depend on the
separation margin of the limiting kernel, a quantity which is guaranteed positive (assuming
no inputs are parallel), can distinguish between true labels and random labels, and can give
a tight sample-complexity analysis in the infinite-width setting. The chapter organization

together with some details are described below.

Section [4.1] studies gradient descent on the training set. Using the ¢; geometry inherent
in classification tasks, we prove that with any width at least polylogarithmic and any
constant step size no larger than 1, gradient descent achieves training error € in é(l /€)
iterations (cf. Theorem [4.1)). As is common in the NTK literature [73], we also show

the parameters hardly change, which will be essential to our generalization analysis.

Section [4.2] gives a test error bound. Concretely, using the preceding gradient descent
analysis, and standard Rademacher tools and exploiting how little the weights moved,
we show that with Q(1/€?) samples and ©(1/e) iterations, gradient descent finds a
solution with e test error (cf. Theorem and Corollary [£.1)). (As discussed in
Remark , ﬁ(l /€) samples also suffice via a smoothness-based generalization bound,

at the expense of large constant factors.)

Section considers stochastic gradient descent (SGD) with access to a standard stochas-
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tic online oracle. We prove that with width at least polylogarithmic and é(l /€) sam-

ples, SGD achieves an arbitrarily small test error (cf. Theorem [4.3)).

Section [4.4] discusses the separation margin, which is in general a positive number, but
reflects the difficulty of the classification problem in the infinite-width limit. While
this margin can degrade all the way down to O(1/4/n) for random labels (cf. Propo-
sition , it can be much larger when there is a strong relationship between features
and labels: for example, on the noisy 2-XOR data introduced in [74], we show that
the margin is ©(1/d), which further implies our SGD sample complexity is tight in the
infinite-width case (cf. Section [4.4.2).

The contents of this chapter is based on [30].

Related work. There has been a large literature studying gradient descent on overparam-
eterized networks via the NTK. The most closely related work is [75], which showed that
a two-layer network trained by gradient descent with the logistic loss can achieve a small
test error, under the same assumption that the NTK with respect to the first layer can
separate the data distribution. However, they analyzed smooth activations, while we handle
the ReLU. They required €2(1/€2) hidden units, €(1/e%) data samples, and O(1/e?) steps,
while our result only needs polylogarithmic hidden units, Q(1/¢2) data samples, and O(1/¢)
steps.

Additionally on shallow networks, [76] proved that on an overparameterized two-layer net-
work, gradient descent can globally minimize the empirical risk with the squared loss. Their
result requires (n®/63) hidden units. [77, [78] further reduced the required overparameteri-
zation, but there is still a poly(n) dependency. Using the same amount of overparameteriza-
tion as [76], [72] further showed that the two-layer network learned by gradient descent can
achieve a small test error, assuming that on the data distribution the smallest eigenvalue of
the limiting kernel is at least some positive constant. They also gave a fine-grained charac-
terization of the predictions made by gradient descent iterates; such a characterization makes
use of a special property of the squared loss and cannot be applied to the logistic regression
setting. [79] showed that stochastic gradient descent (SGD) with the cross entropy loss can
learn a two-layer network with small test error, using poly(¢, 1/¢) hidden units, where ¢ is at
least the covering number of the support of the feature distribution using balls whose radii
are no larger than the smallest distance between two data points with different labels. [80]
considered SGD on a two-layer network, and a variant of SGD on a three-layer network.
The three-layer analysis further exhibits some properties not captured by the NTK. They

assume a ground truth network with infinite-order smooth activations, and they require the
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width to depend polynomially on 1/e and some constants related to the smoothness of the
activations of the ground truth network.

On deep networks, a variety of works have established low training error [81], 82, [83), [84].
[85] showed that SGD can minimize the regression loss for recurrent neural networks, and
[86] further proved a low generalization error. [87] showed that using the same number of
training examples, a three-layer ResNet can learn a function class with a much lower test
error than any kernel method. [36] assumed that the NTK with respect to the second layer of
a two-layer network can separate the data distribution, and proved that gradient descent on
a deep network can achieve ¢ test error with (1/€*) samples and ©(1/¢'*) hidden units. [88]
considered SGD with an online oracle and give a general result. Under the same assumption
as in [36], their result requires Q(1/€') hidden units and sample complexity O(1/¢2). By
contrast, with the same online oracle, our result only needs polylogarithmic hidden units

and sample complexity O(1/e€). [29] extended our analysis to deep networks.

Notation. As usual, the dataset is denoted by {(z;,v;)}", where z; € R? and y; €
{=1,41}. For simplicity, we assume that ||z;|][s = 1 for any 1 < ¢ < n, which is stan-
dard in the NTK literature.

The two-layer network has weight matrices W € R™*¢ and a € R™. We use the following
parameterization, which is also used in [72), [76]:

m
§ w87 Y

flz; W, a)

ﬂ\

with initialization

wso ~N(0,1;), and ay ~ unif ({—1,+1}).
Note that in this paper, w,; denotes the s-th row of W at step t. We fix a and only train
W, as in [72], [75] [76], [79]. We consider the ReLU activation o(z) := max {0, z}, though our
analysis can be extended easily to Lipschitz continuous, positively homogeneous activations
such as leaky ReL.U.

For simplicity, in this chapter we let £ denote the logistic loss. For any 1 < i < n and any
W, let f;(W) := f(x;;W,a). The empirical risk and its gradient are given by

= %ZE (yifi(W)), and VR(W)= %Zz (yi s (W) 4V fi(W).
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For any ¢ > 0, the gradient descent step is given by Wy, = W, — ntV'ﬁ(Wt). Also define
WY = (V (W), W), and RY( Zg ( O )

Note that fi(t)(Wt) = f;(W,). This property generally holds due to homogeneity: for any W
and any 1 < s < m,

of _ 1 . o L\ 1 |
T, \/mas]l [(ws,ml> > O] x;, and <aws,ws> = \/ﬁasa ((ws,:m) ,

and thus (V f;(W), W) = f;(W).

4.1 EMPIRICAL RISK MINIMIZATION

In this section, we consider a fixed training set and empirical risk minimization. We first
state our assumption on the separability of the NTK, and then give our main result and a
proof sketch.

The key idea of the NTK is to do the first-order Taylor approximation:

flz;Woa) = f(x; W, a) + <wa(37; Wo,a), W — Wo> .

In other words, we want to do learning using the features given by Vfi(W,) € R™*4. A
natural assumption is that there exists U € R™*? which can separate {(V fi(Wo),yi)}?zl

with a positive margin:

min (y <U, Vfi(W0)>> = min. (y\/% iasws, )1 [(we, ) > 0}) >0. (4.1

The infinite-width limit of eq. (4.1]) is formalized as Assumption , with an additional

bound on the (2,00) norm of the separator. A concrete construction of U using Assump-

tion is given in eq. (4.2).
Let pp- denote the Gaussian measure on R?, given by the Gaussian density with respect

to the Lebesgue measure on RY. We consider the following Hilbert space

[ IR dute) < o0}

For any = € R?, define ¢, € H by ¢,(2) := 21 [(z, x) > 0}, and particularly define ¢; := ¢,,

’H::{w:Rd—HRd

87



for the training input x;.

Assumption 4.1. There exists © € ‘H and + > 0, such that H@(z)”2 < 1 for any z € R,
and for any 1 <17 < n,

Ui (0,605 = v / (0(2), $:(2)) dun(2) = 7.

As discussed in Section , the space H is the reproducing kernel Hilbert space (RKHS)
induced by the infinite-width NTK with respect to W, and ¢, maps x into H. Assump-
tion [4.1) supposes that the induced training set {(¢;, y;)}*_, can be separated by some v € H,
with an additional bound on HT)(Z)”2 which is crucial in our analysis. It is also possible to
give a dual characterization of the separation margin (cf. eq. ), which also allows us
to show that Assumption always holds when there are no parallel inputs (cf. Proposi-
tion . However, it is often more convenient to construct v directly; see Section for
some examples.

With Assumption 4.1, we state our main empirical risk result.

Theorem 4.1. Under Assumption [4.1] given any risk target e € (0,1) and any § € (0,1/3),
let

2
\ V/2In(4n/s) +ln(4/e)’ d M 409?)\
v/4 y

Then for any m > M and any constant step size n < 1, with probability 1 — 30 over the

random initialization,

LS R < here T = | 22
TZR(Wt)—G’ where =—.

t<T ne
Moreover for any 0 <t < T and any 1 < s < m,

4\
s = weall < o

While the number of hidden units required by prior work all have a polynomial dependency
on n, 1/§ or 1/e, Theorem only requires m = Q (In(n/d) +In(1/€)?). The required
width has a polynomial dependency on 1/, which is an adaptive quantity: while 1/ can
be poly(n) for random labels (cf. Proposition [£.5), it can be polylog(n) when there is a
strong feature-label relationship, for example on the noisy 2-XOR data introduced in [74] (cf.
Proposition . Moreover, we show in Proposition that if we want {(V fi(Wo), yz) }?:1
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to be separable, which is the starting point of an NTK-style analysis, the width has to
depend polynomially on 1/7.
In the rest of Section [£.1], we prove Theorem [4.1]

4.1.1 Properties at initialization

In this subsection, we give some nice properties of random initialization.

Given an initialization (Wp, a), for any 1 < s < m, define

( )
(IS/U U)S 9
\ m 70

Ug 1=

(4.2)

where v is given by Assumption Collect @, into a matrix U € R™*?. Tt holds that
]|, < 1/y/m, and ||U]||,. < 1.
Lemma ensures that, with high probability, U constructed above has a positive margin

at initialization.

Lemma 4.1. Under Assumption given any 0 € (0,1) and any ¢ € (0,7), if m >
(2In(n/d)) /€1, then with probability 1 — 4, it holds simultaneously for all 1 < i < n that

w (@) =5 (VEW).T) 222D 5,
Proof. By Assumption [£.1] given any 1 <i < n,
p = Euwno,1,) [yl <17(w),:1:i> 1 [(w,xi) > OH > .
On the other hand,

it (T) = 23 0 (vt 2 1 [fn, ) > 0]

is the empirical mean of i.i.d. r.v.’s supported on [—1,+1] with mean p. Therefore by

Hoeffding’s inequality, with probability 1 — d/n,

0) (7 0) (7 ~[2In(n/9)
yifi (U) =~ >ufy” (U) —p> —

Applying a union bound finishes the proof. QED.
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For any W, any €5 > 0, and any 1 < i < n, define

m

a;(W,ey) = %Z]l D(ws,ziﬂ < 62] :

s=1

Lemma controls a; (W, €2). It will help us show that U has a good margin during the

training process.

Lemma 4.2. Under the condition of Lemma [4.1] for any e, > 0, with probability 1 — 4, it
holds simultaneously for all 1 < i < n that

2 /1 )
o7} (Wo7€2) < \/j€2 + n(n/ ) < €9+ 6—1.
T 2m 2

Proof. Given any fixed ¢; and 1 < i < n,

E [a;(Wo, €2)] =P <{<U%$z>’ < 62) < 5;% = \/%62,

because (w, z;) is a standard Gaussian r.v. and the density of standard Gaussian has max-
imum 1/v/27. Since «;(Wp,€2) is the empirical mean of Bernoulli r.v.’s; by Hoeffding’s
inequality, with probability 1 — §/n,

a;(Wo, €2) < E [a;(Wo, &2)] + \/% < \/gez + \/%.

Applying a union bound finishes the proof. QED.
Finally, Lemma controls the output of the network at initialization.

Lemma 4.3. Given any 6 € (0,1), if m > 25In(2n/d), then with probability 1 — 4, it holds

simultaneously for all 1 < i < n that

| f(zi; Wo,a)| < y/21n (4n/6).

To prove Lemma [4.3] we need the following technical result.

Lemma 4.4. Consider the random vector X = (X1,...,X,,), where X; = 0(Z;) for some
o : R — R that is 1-Lipschitz, and Z; are i.i.d. standard Gaussian r.v.’s. Then the r.v.
| X |2 is 1-sub-Gaussian, and thus with probability 1 — 4,

X[l —E [ X]l2] <+/2In(1/0).
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Proof. Given a € R™, define

where o(a) is obtained by applying ¢ coordinate-wisely to a. For any a,b € R™, by the

triangle inequality, we have

)=o), = |3 (o(as) — o (b)),

i=1

(@) = F®) =[lo@]], ~[|lo®)],

and by further using the 1-Lipschitz continuity of o, we have

[f(a) = FO) < | S (o(a) — o)) < (| (i — b)2 =la —b]l,.

=1 i=1

As a result, f is a 1-Lipschitz continuous function w.r.t. the ¢, norm, indeed f(X) is 1-sub-

Gaussian and the bound follows by Gaussian concentration [89, Theorem 2.4]. QED.
Now we can prove Lemma [4.3]

Proof of Lemma[f.3 Given 1 < i < n, let h; = o(Wyx;)/y/m. By Lemma [£.4] ||h|2 is
sub-Gaussian with variance proxy 1/m, and with probability at least 1 — §/(2n) over W,

21n( 2n/5 2In(2n/0) V2
B < () 22en/o) <1-Y2
[Pillz = E [17ill2] 251n(2n/6) ! 2

On the other hand, by Jensen’s inequality,

E [|hilla] < \/E [|hall3] =

As a result, with probability 1 — §/(2n), it holds that ||h;||]2 < 1. By a union bound, with
probability 1 — 6/2 over Wy, for all 1 < i < n, we have ||h;]|2 < 1.
For any W, such that the above event holds, and for any 1 < i < n, the r.v. (h;,a) is

[

sub-Gaussian with variance proxy ||h;]|3 < 1. By Hoeffding’s inequality, with probability
1—0/(2n) over a,

|(hi, a)| =|f (2 Wo,a)| < 1/2In (4n/6).
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By a union bound, with probability 1 —4/2 over a, for all 1 <1 < n, we have ‘f(xz, W, a)‘ <

21In (4n/0).
The probability that the above events all happen is at least (1 —46/2)(1 —46/2) > 1 — 9,
over Wy and a. QED.

4.1.2 Convergence analysis of gradient descent

We analyze gradient descent in this subsection. First, define

n

QW) i= >~ (wfi(W) .

i=1
We have the following observations.

e For any W and any 1 < s < m, H@fi/GwSHQ < 1/4/m, and thus HVfZ-(W
Therefore by the triangle inequality, “Vﬁ(W) HF < @(W)

g

e The logistic loss satisfies 0 < —¢ < 1, and thus 0 < @(W) <1
e The logistic loss satisfies —¢' < ¢, and thus Q(W) < R(W).

The quantity Q first appeared in the perceptron analysis [10] for the ReLU loss, and has
also been analyzed in prior work [14], 36} [75]. In this work, 9) specifically helps us prove the
following result, which plays an important role in obtaining a width which only depends on

polylog(1/e).

Lemma 4.5. For any ¢t > 0 and any W, if n, < 1, then

2 ~ S
nR(Wy) <||W, = W 2RO ().

-

Consequently, if we use a constant step size n < 1 for 0 < 7 < ¢, then

Z'ﬁ( —I—HWt

<l

+2n ZR

Lemma is similar to [87, Fact D.4 and Claim D.5|, where the squared loss is considered.

Proof of Lemmal[{.5 We have

[Weer =" = |we =~ 2m (VROV). W= W) [ VROV @)
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The first order term can be handled using the convexity of ¢ and homogeneity of ReLU:
(VROV). W =T = £ 50 (W) e (90030, w2~ T7)
7 " ’

B %Zﬁl (i fi(Wh)) (yifi(Wt) — it (W))

AN ® (77 5 50) (T
> o Zl (5 (yifi(Wt)) -t (yifi (W))> =R(W;) — RY (W) :
(4.4)
The second-order term of eq. (4.3]) can be bounded as follows
~ 2 ~ ~ ~
i |[VR(W;) . < Q(WL)? < mQ(Wy) < nR(Wy), (4.5)

because HVﬁ(Wt)HF < Q(W,), and nt,@(Wt) < 1, and @(Wt) < ﬁ(Wt) Combining
egs. (4.3]) to (4.5)) gives

~ |12 —|2 ~ S
nRW) <||[We =T = Wiar =T+ 20RO (7).
Telescoping gives the other claim. QED.

Now we are ready to prove Theorem [4.1]

Proof of Theorem[{.1. The required width ensures that with probability 1 — 34§, Lemmas

to 4.3 hold with €; = ~?/8 and €5 = 4\/(y/m).
Let t; denote the first step such that there exists 1 < s < m with ||ws¢1 — wS’OH2 >

4N/ (vy/m). Therefore for any 0 < ¢t < t; and any 1 < s < m, it holds that ||w87t — ws,OH2 <
4N/ (yy/m). In addition, we let W := Wy + AU.

We first prove that for any 0 < ¢ < ¢4, it holds that R® (W) < €/4. Since the logistic
satisfies £(z) < exp(—z), and it is enough to prove that for any 1 <i <mn,

€

—_— 4
Yi <vfi<Wt), W> > In (—) )
We will split the left hand side into three terms and control them individually:

Yi <Vfi(Wt),W> =y (Vf:(Wo), Wo) + u: (V [i( W) = V f;(Wo), Wo) + Ay <sz'(Wt)7U> :
(4.6)
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The first term of eq. (4.6) can be controlled using Lemma :

yi (V fi(Wo),W()}‘ < /2In(4n/9). (4.7)

The second term of eq. (4.6) can be written as

Y; <Vfl<Wt) — VfZ(W()), W[)> = \/ylm Z: Qg (]l [<w57t,xi> > 0} -1 [<w570,xi> > 0}) <w570, JZZ> .

Let S, := {s ‘ 1 [<ws,t,:c2-> > O] -1 [<ws,0,:ci> > O} =+ 0}. Note that s € S, implies

< ||ws,t - ws,0H2 ||$1||2 = “MS,t - ws,0H2 < 4/\/(’}/%) = €2.

’<ws,07 zi)| < ‘<’ws,t — Wy 0, T;)

Therefore Lemma [4.2] ensures that

{s

S| <

| <ws,O;Ii> | < 62}

< 4N n €1 4N n 2
m|l——+—|=m|—==+-—1|.
- Yvm 2 yvm 16
and thus

1 4\ 1602 My \y
— . . < — < — 4.8
v S Sm = = Y
where in the last step we use the condition that m > 4096\*/~5.

The third term of eq. (4.6) can be bounded as follows: by Lemma ,

i (VE(WD) = V£i(Wo), Wo)| < —=-|S.|

5 (VIW),TY =5 (V). T) + 4 (VW) = VW), T)
>y — e+ y (VW) = VAW),T).

In addition,

i <VfZ(Wt) - Vfi(Wo),U> _ Y Z (1 [(ws, i) > 0] =1 [{wyp,zi) > 0]) (0(ws0), ;)

i=1

where we use m > 40962 /+°®. Therefore,

2 2

_ € 3
yi<Vfi<Wt),U>2’7—61—,1)/—6—51:’}/—%2%. (49)
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Putting eqs. (4.7) to (4.9) into eq. (4.6]), we have

4 4
<Vf, (W), ,/21 n “2111 n ln ,

for the A given in Theorem . Thus for any 0 <t < ¢y, it holds that R® (W) < e/4.
Let T := [2)\?/(ne)], we claim that t; > T. To see this, note that Lemma [4.5 ensures

=

2 __ 112 ~ —
| wo | 2 [ SORO W) | <22+ S
t<ty

2

Suppose t; < T, then we have t; < 2\?/(ne), and thus Hth - WH < 2X2. As a result,
- - F

using ||U||r < 1 and the definition of W,

\/_)\>Hth WH <Wt1 W,U> <Wt1 WO,> <W U>
2<Wt1 WO,U> A

Moreover, due to eq. (4.9),

(W = Wo.U) = =0 >~ (VR(W, >—”Z Z (i (W) i (W LW2),T)

T<t1 T<t1 =1
~ 3
>0y QW
T<t1

which implies n " (WT) < (‘[H) < 4’\ Furthermore, by the triangle inequality, for

T<t1
any 1 < s <m,

st,t - ws,OH2 S T]Z Zél Zf’L T Ui (?Ufz

S, T

T<1 =1 9
1 <[, of;
< 7]2 - Z 4 (ylfl(WT))‘ . 8wf
T<t =1 ST 2
~ 4\
<0y QW)= <n) QW < (4.10)
> 2 A =

which contradicts the definition of t;. Therefore t; > T.
Now we are ready to prove the claims of Theorem . The bound on Hw&t — wSVOH2 follow
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by repeating the steps in eq. (4.10]). The risk guarantee follows from Lemma

QED.

4.2 GENERALIZATION

To get a generalization bound, we naturally extend Assumption to the following as-

sumption.

Assumption 4.2. There exists v € H and v > 0, such that H@(z)”2 < 1 for any z € R,

and
y/ (0(2),2) 1 [(z,2) > 0] dpn(2) >~

for almost all (z,y) sampled from the data distribution D.

The above assumption is also made in [75] for smooth activations. [36] make a similar
separability assumption, but in the RKHS induced by the second layer a; by contrast,
Assumption is on separability in the RKHS induced by the first layer W.

Here is our test error bound with Assumption [4.2

Theorem 4.2. Under Assumption |4.2| given any € € (0,1) and any 6 € (0,1/4), let A and
M be given as in Theorem [4.1}

2
) e V2In(4n/d) + 1n(4/€)’ and M = 409?)\
/4 Y

Then for any m > M and any constant step size n < 1, with probability 1 — 46 over the

random initialization and data sampling,

16 (N/an(4n/5) +1n(4/€)> 6./ 122/9)
v2/n 2n

where k denotes the step with the minimum empirical risk before [2X?/(ne)].

Piayy~p (uf (2; Wi, a) <0) < 2+

Below is a direct corollary of Theorem [4.2]
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Corollary 4.1. Under Assumption , given any €,6 € (0, 1), using a constant step size no
larger than 1 and let

nzﬁ(i) - sz(ln(n/é)Jrln(l/e)Z),

’}/462 78

it holds with probability 1 —¢ that Py ,p (yf(x; Wi, a) < O) < ¢, where k denotes the step
with the minimum empirical risk in the first ©(1/(~2¢)) steps.

Remark 4.1. To get Theorem 4.2, we use a Lipschitz-based Rademacher complexity bound.
One can also use a smoothness-based Rademacher complexity bound [90, Theorem 1] and
get a sample complexity O(1/(7%)). However, the bound will become complicated and some
large constant will be introduced. It is an interesting open question to give a clean analysis

based on smoothness.

Below we prove Theorem [£.2} the key tool is a Rademacher complexity bound based on
the sigmoid loss and HW,: - VVOTH2 .
Given a sample S = (z1,...,2,) (where z; = (x;,¥;)) and a function class H, the

Rademacher complexity of H on S is defined as

1 n
Rad (Ho S) := ;EEN{,LH}H 21612 Z eih(z)
i=1

We will use the following general result.

Lemma 4.6. [91, Theorem 26.5] If h(2) € [a,b], then with probability 1 — 4,

1 & In(2/6)
E..p|h - — h(z) | < 2Rad b— .
oup | Bevn (1] = 3 3Gz | < Rad (o) + 36— a) 5]
We also need the following contraction lemma. Consider a feature sample X = (z1,...,x,)

and a function class F on X. For each 1 < i < n, let g; : R — R denote a K-Lipschitz
function. Let go F denote the class of functions which map x; to ¢;(f(z;)) for some f € F.

Lemma 4.7. [91, Lemma 26.9] Rad (g o F o X)) < KRad (F o X).

To prove Theorem [4.2] we need one more Rademacher complexity bound. Given a fixed

initialization (W, a), consider the following classes:

W, = {W Jp— ‘ t0s — waol|, < p for any 1< s < m},
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and

F, = {xl—>f(x;W,a) ‘ WEWP}.

Given a feature sample X, the following Lemma controls the Rademacher complexity of

F,0X. A similar version was given in [92, Theorem 43], and the proof is similar to the proof

of [03, Theorem 18] which also pushes the supremum through and handles each hidden unit

separately.

Lemma 4.8. Rad (F, 0 X) < py/m/n.

Proof of Lemmal[{.8 We have

n

Ee sup G’Lf(xﬂ W> (I) = Ee
wew, i—1

= E,

=E,

1

n m 1 ]

VSE&;Q; 7 (e 2i))

1 m n ]
Vi itk 2 2 e (00 )

1 & -
- su €,a50 ((ws, $Z>)
\/m; ‘wq—wSOIQSPiz:;
ZEE sup Z €ias0 (<w87 $z>)
i=1 ’ Ws—Ws,0 ‘ <p i=1

Note that for any 1 < s < m, the mapping z +— as0(z) is 1-Lipschitz, and thus Lemma

gives

E | sup Y eif(wiWoa)| <

Wew, ‘=

1 m [ n
_ZEE sup ZQ%U ((ws, z:))
vm || ws—ws,o] ,<p i=1
1 m [ n
<—=Y E| s & (ws, ;)
L _] ws—ws 0| ,<p i=1

Invoking the Rademacher complexity of linear classifiers [01, Lemma 26.10] then gives

Rad (F, 0 X) = g,

N

" e f (s Woa) s%.

sup
Wew, ‘=
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QED.
Now we are ready to prove the main generalization result Theorem [£.2]

Proof. Fix an initialization (Wp,a), and let H = {(m,y) = =0 (yf(z)) ’ fe fp}. Since
for any h € ‘H and any z, h(z) € [0, 1], Lemma [4.6| ensures that with probability 1 — § over
the data sampling,

sup [ Bovn [1(2)] =23 0(=) | = sup (@(W) = W) < 2Rad (0 5) + 3y 2L

heH n = Wew, 2n

Since for each 1 < ¢ < n, the mapping z — —(y;z) is (1/4)-Lipschitz, Lemma [4.7| further
ensures that Rad (H o S) < Rad (F, 0 X) /4, and thus

< p;/\/? L3 1n(2245)'

On the other hand, Theorem [4.1] ensures that under the conditions of Theorem [£.2] for

any fixed dataset, with probability 1 — 30 over the random initialization, we have

sup (Q(W) — @(W))

Wwew,

(4.11)

OWi) < R(Wk) <e, and |lwsy —wsoll, < ——=.
(W) (W) H k OHz v/m
As a result, invoking eq. (4.11)) with p = 4\/(yy/m), with probability 1—44 over the random

initialization and data sampling,

2, W) 8 (\/21n(4n/5) + 1n(4/6)> In(2/0)

— 3
vV 2n  ~ v\ /n + 2n

Invoking P, y)op (yf (z; W, a) < 0) < 2Q(W) finishes the proof. QED.

QW) < O(Wy) +

4.3 STOCHASTIC GRADIENT DESCENT

There are some different formulations of SGD. In this section, we consider SGD with an
online oracle. We randomly sample W, and a, and fix a during training. At step ¢, a data
example (x;,y;) is sampled from the data distribution. We still let f;(W) := f(z;; W, a), and

perform the following update
Wign =W, —n;l/ (yzfz(VVz)) YV fi(W5).
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Note that here ¢ starts from 0.
Still with Assumption [4.2] we show the following result.

Theorem 4.3. Under Assumption , given any €, € (0, 1), using a constant step size and
m=0 ((1n(1 /8) + In(1/e)2) /78>, it holds with probability 1 — & that

1 < ~
=" Pegn (0 (@ Wia) S0) S, for 0 =8(1/(%)).
i=1
Below we prove Theorem 4.3 For any ¢ and W, define

Ri(W) = ¢ (yi (VF.(W)), W>> Coand QW) = ' <y (VF.(W)), W>) .

Due to homogeneity, it holds that R;(W;) = ¢ (yle(VVZ)) and Q;(W;) = =/ (nyZ(WZ))
The first step is an extension of Lemma [4.5] to the SGD setting, with a similar proof.

Lemma 4.9. With a constant step size n < 1, for any W and any i > 0,

n | Ry | +|wi -
t<i

2 2 _
<[ wo -+ 2 ;Rt (W)
Proof. Recall that ||V f;(W})|| . < 1, we have

HWt—H - WH? < HWt - WH? — 2’ (ytft(Wt)) Yt <vft(Wt)a Wi — W> + 772 (5, (ytft(Wt))>2 .
(4.12)

Similar to the proof of Lemma [4.5] the first order term of eq. (4.12)) can be handled using

the convexity of ¢ and homogeneity of ReLLU as follows
¢ (WD) e (VEW), W = T ) = Ra(W3) = Ry (V). (4.13)
and the second-order term of eq. can be bounded as follows
n? <€/ (ytft(Wt))>2 < =l (ye (W) < 0l (yefe(Wh)) = nRy(W2), (4.14)
since 1, —¢' < 1 and —¢ < {. Combining eqs. to gives

N2 112 _
TRAW;) < HWt _ WHF —HWt+1 — WHF +20R, (W) .
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Telescoping gives the claim. QED.

With Lemma [£.9] we can also extend Theorem [4.1]to the SGD setting and get a bound on
Y icn Qi(W;), using a similar proof. With Lemma 4.9, we give the following result, which is
an extension of Theorem [4.1] to the SGD setting.

Lemma 4.10. Under Assumption[d.2] given any € € (0,1), any § € (0,1/3), and any positive

integer ny, let

21In(4 In(4 2
. v/2In(4ng/8) + In( /e and M'—4096)\.

v/4 T

For any m > M and any constant step size n < 1, if ng > n := [2X?/(ne)], then with
probability 1 — 30,

%Z Qi(W;) <e.

Proof. We first sample ny data examples (29, Yo), - - -, (Tng—1, Yno—1), and then feed (z;, ;) to
SGD at step i. We only consider the first ng steps.

The proof is similar to the proof of Theorem [£.1, Let n; denote the first step before ng
such that there exists some 1 < s < m with ||w,,, — wS7OH2 > 4)\/(yy/m). If such a step
does not exist, let ny = ny.

Let W := W, 4+ AU, in exactly the same way as in Theorem we can show that with
probability 1 — 39, for any 0 <1 < nq,

<Vfl( W), > > 1In (j) , and thus R; (W) < ¢/4.

Now consider n := [2A?/(ne)]. Using Lemma [4.9] in the same way as the proof of The-
orem (replacing @(WT) with Q;(W;), etc.), we can show that n < n;. Then invoking
Lemma [£.9 again, we get

Ly o < Ly ram) < ”W—”F 25 R (7

<n <n <n

I/\
l\DIm
[\DIm

QED.

To further get a bound on the cumulative population risk ), Q(W;), the key observation
is that 3, (Q(W;) — Q;(W;)) is a martingale. Using a martingale Bernstein bound, we

prove the following lemma; applying it finishes the proof of Theorem [4.3]
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Lemma 4.11. Given any ¢ € (0, 1), with probability 1 — 9,

ST o) <4) (W) +4ln (%) .

t<t t<i

To prove Lemma [4.11], we need the following martingale Bernstein bound.

Lemma 4.12. [94, Theorem 1] Let (M, F;)i>0 denote a martingale with My = 0 and F; be

the trivial o-algebra. Let (A;);>1 denote the corresponding martingale difference sequence,

and let .
V= ZE [A?
j=1

denote the sequence of conditional variance. If A, < R a.s., then for any ¢ € (0,1), with

fj—l]

probability at least 1 — 4,

M, < %(6—2)—1-]%111 <%>

Proof of Lemmal[{.11. For any i > 0, let z; denote (z;,v;), and zp,; denote (2o, ..., z). Note
that the quantity Y, , (Q(W;) — Q;(W;)) is a martingale w.r.t. the filtration (20,_1). The
martingale difference sequence is given by Q(W;) — Q,(W,), which satisfies

QWy) = QW) = Brypn € (uf (: Wi ) | + € (wif (e We) <1, (4.15)
since —1 < ¢/ < 0. Moreover, we have

E[(QW) = (W)’ (z001)]
Q(Wy)* — 2Q(WH)E [Q:(Wh) |0 (20.4-1)] + E [Qe(Wy)?|0(20,-1)]
- Q(Wt)2 +E [Qt(Wt)2|U(ZO,t—1)}

(4.16)
<E [Qt(Wt)2 }U(Zo,t—l)}
<E [Qt(WtHU(Zo,tq)}
=Q(W).
Invoking Lemma with egs. and gives that with probability 1 — 9,
1
> (QWV) = (W) < (e—2)> QW) +1In (5) ,
t<i t<i
which implies Y, Q(W;) <43, Q(Wy) +41n (3). QED.

Finally, we prove Theorem [4.3]
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Proof of Theorem[{.3. Suppose the condition of Lemma holds. Then we have for n =
[20%/(ne)], with probability 1 — 34,

%Z Qi(W;) <e.

Further invoking Lemma [4.11] gives that with probability 1 — 49,

1 4 4 1
- N < = (T = Z ) < Be.
Loy < S0+ i (5) <o
<n <n

Since P,y op (yf(z; W, a) < 0) < 20(W), we get

1 n

;;}:J%wap(yf@xvn,a)gtn < 10e.

i=1

For the condition of Lemma to hold, it is enough to let

B In(1/6)
no_@< 2 )
which gives

Vo <1n(1/5) +ln(1/e)2> d m—o <1n(1/5) —|—ln(1/e)2) |

78 v2e

QED.

4.4 ON SEPARABILITY

In this section we give some discussion on Assumption [4.1] the separability of the NTK.
Given a training set {(mz, Yi) }::1, the linear kernel is defined as Ky(z;, z;) = <:E,~, a:j>. The

maximum margin achievable by a linear classifier is given by

Yo = min \/(qu)T Ko (q©y). (4.17)

where A,, denotes the probability simplex and ® denotes the Hadamard product. In addition
to the dual definition eq. (4.17]), when 7y > 0 there also exists a maximum margin classifier

@ which gives a primal characterization of ~,: it holds that ||ul|s = 1 and y; (@, x;) > 7o for
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all 7.
In this paper we consider another kernel, the infinite-width NTK with respect to the first

layer:

Ky ) = [P0 ) O] o))

oW, ’ oWy
= E’LUNN(O,Id) |:<<1'Z]l [<.Z'Z,U)> > 0} 7xj]l [<xj7w> > O] >:| = <¢i7¢j>7~[-

Here ¢ and H are defined at the beginning of Section [£.1} Similar to the dual definition of
70, the margin given by K7 is defined as

. T
= K ) 4.1
71 i= mnin \/ (oY) Ki(¢oy) (4.18)

We can also give a primal characterization of v; when it is positive; the proof uses the Fenchel

duality theory.

Proposition 4.4. If 4, > 0, then there exists © € H such that ||0||,, = 1, and y; (0, ¢5),, > 1
for any 1 < ¢ < n. Additionally H@(z)”2 < 1/ for any z € R%

Proof. Define f: H — R by

fw) =5 [ o) B dn(z) = 5wl

It holds that f is continuous, and f* has the same form. Define g : R® — R by

9(p) = max p;,
with conjugate
. 0, if g e A,
9" (q) =
+o00, o.W.

Finally, define the linear mapping A : H — R™ by (Aw); = y; (w, i),

Since f, f*, g and g* are lower semi-continuous, and dom g— Adom f = R", and dom f*—
A*dom g* = H, Fenchel duality may be applied in each direction [95, Theorem 4.4.3|, and
ensures that

inf (f(w)+ g(Aw)) = sup (—f*(4q) — g"(—q)) .

weEH qeRn
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with optimal primal-dual solutions (w, q). Moreover

inf (f(w)+g(Aw)) = inf sup (f(w)+ g(Aw +u) + (g, u))

weH weH,u€R™ fcprn

> ;;3 wg?lfgew (f(w) + g(Aw + u) + (g, u))

= sup inf ((f(w) — <A*q,w))H + (g(Aw +u) — (—q, Aw + u>)>

qeRn wE'H uER™

= sup (—f*(A%) — g"(—q)) -

qgeER™

By strong duality, the inequality holds with equality. It follows that

w=A"q, and supp(—¢q) C argmax (Aw);.

1<i<n

Now let us look at the dual optimization problem. It is clear that

sup (—f*(4%q) — g"(—q)) = — inf f*(4%q).

qeR™ qEA,,

In addition, we have

2

[ (A%q) = %/ ZQiyi¢i(Z) dpn(2)

2

/ Z 4i4;Y:Y; <¢z 925] >dNN( )

i,7=1

=3 Z q:q9;Y:Y; / <¢z gbj dMN( )

z]l

. 1
=3 Z Gty (i, 5) = 50 ©9) Ki(g ©y),

,j=1

and thus f*(A*q) =~i/2. Since w = A*q, we have that |[@||,, = 7. In addition,
g(Aw) = = f* (A*q) — f (@) = =7,

and thus —@ has margin 7?. Moreover, we have

quy@z Zq@yle (z,:) > 0],
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and thus Hw(z)”2 < 1. Therefore, & = —w/~; satisfies all requirements of Proposition .
QED.

Using the upper bound ||17(z) ||2 < 1/7, we can see that ;0 satisfies Assumption with
v > ~%. However, such an upper bound ||17(2)H2 < 1/4; might be too loose, which leads to
a bad rate. In fact, as shown later, in some cases we can construct v directly which satisfies
Assumption [4.1| with a large . For this reason, we choose to make Assumption [4.1| instead
of assuming a positive 7;.

However, we can use 7; to show that Assumption always holds when there are no
parallel inputs. [77, Corollary 1.2] proved that if for any two feature vectors z; and z;, we
have ||z; — x;]]2 > 0 and ||z; + x;||2 > 6 for some 6 > 0, then the minimum eigenvalue of K
is at least 6/(100n?). For arbitrary labels y € {—1,41}", since ||¢ ® y||, > 1/+/n, we have
the worst case bound 7% > 6/(100n%). A direct improvement of this bound is 6/(100n%),
where ng denotes the number of support vectors, which could be much smaller than n with
real world data.

On the other hand, given any training set {(:pz,yz)}?:l which may have a large margin,

replacing y with random labels would destroy the margin, which is what should be expected.

Proposition 4.5. Given any training set {(z;, y,-)}?zl, if the true labels y are replaced with
random labels € ~ unif ({—1, —1—1}”), then with probability 0.9 over the random labels, it
holds that v, < 1/+/20n.

Proof. Let ¢ denote the uniform probability vector (1/n,...,1/n). Note that

n

A T R 1
Ee~unif({71,+1}") [(q © 6) K (q © 6)] = Eewunjf({,17+1}n) Z EEZ‘GjKl (CL‘i, :L'j>

ij=1

1 n
n2 Z Eewunif({—l,—i—l}") [EiejKl (zi,xj)}

i,j=1

1 1

Since 0 < (¢ ® e)T K (G ®¢€) <1 for any €, by Markov’s inequality with probability 0.9, it
holds that (§ @ €)' Ky (§®€) < 1/(20n), and thus v, < 1/v/20n. QED.

Although the above bounds all have a polynomial dependency on n, they hold for arbitrary

or random labels, and thus do not assume any relationship between the features and labels.
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Next we give some examples where there is a strong feature-label relationship, and thus a

much larger margin can be proved.

4.4.1 The linearly separable case

Suppose the data distribution is linearly separable with margin 7,: there exists a unit
vector 4 such that y (i, ) > v almost surely. Then we can define ¥(z) := 4 for any z € R

For almost all (z,y), we have

y/ (0(2),2) 1 [(z,2) > 0] dun(2) = /y(u,x) 1 [(z,z) > 0] dpp(2)

> / 1[(2.2) > 0] dun(2)

and thus Assumption holds with v = ~,/2.

4.4.2  The noisy 2-XOR distribution

We consider the noisy 2-XOR distribution introduced in [74]. It is the uniform distribution

over the following 2¢ points:

(xlvaay7x37"'7$d)
1 1 —1 —1

S —7071 ) 07—7_1 ) —7071 ) 07 7_1

{(G=oy) (om=1) (=) (o =1))
~1 IR

X s .

{\/d—l \/d—l}

The factor 1/4/d — 1 ensures that ||z]]s = 1, and x above denotes the Cartesian product.
Here the label y only depends on the first two coordinates of the input x.

To construct v, we first decompose R? into four regions:

21> 0,]21] > |2},

21 <0, |z] > |z} \ {(0,0)},
29 < 0, |21| < |22’} .

{(z1,2) |

Ay = {(21,2) | 22> 0,|21] < ||},
{(21,2) |
{(21,2) |
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Then v can de defined as follows: (i) for (z1,22) € Ay, let v := (1,0,0,...,0); (ii) for
(21,22) € Ag, let v := (0,—1,0,...,0); (iii) for (z1,29) € Az, let v := (=1,0,0,...,0); (iv)
for (z1,22) € Ay, let 0:=(0,1,0,...,0).

The following result shows that v = Q(1/d). Note that n could be as large as 2¢, in which
case 7 is basically O (1/1n(n)).

Proposition 4.6. For any (z,y) sampled from the noisy 2-XOR distribution and any d > 3,

y/ (0(2),2) 1 [(z,2) > 0] dun(2) > Wld

Proof. By symmetry, we only need to consider an (x,y) where (z1,z9,y) = (1/v/d — 1,0, 1).

Let z,, denote (2p, Zpt1, - - -, 2¢), and similarly define z,,. We have

v [ (0)2) 1 [(212) > 0] duy(2)
=y [ ([ 0G10) 1 [0) > 0 diveaa) ) iy (4.19)
—y [ @enena) ( [1[(rama) + Gonra) > 0 dinean) ) dian)  (@20)
= Y flenna) ([ [(rnns) + erarna) > 0] (i) s € 4] ),

(4.21)

where eq. is due to the independence between z; o and z3 4, and in eq. we use
the fact that v(2);2 only depends on z;5 and 0(2)34 are all zero. Since <@(2)172,x1,2> =0
for 215 € Ay U Ay, we only need to consider A; and Aj in eq. . For simplicity, we will
denote z; 5 by p € R? and 9(2)12 by 9(p), and 234 by ¢ € R2.

For any nonzero p € Ay, we have —p € As, and <@(p),a:172> = 1/+/d — 1. Therefore

y(v(p), 12) (/]l [<p7$1,2> +{q,34) > 0} dmv(tz))
+y <@(—p)7$172> (/]1 [<—p,9€1,2> + <C],$3,d> > 0] dMN(Q))
\/lel/ (]l {\/% + (g, z34) > 0] —1 [\/% +(q,z34) > O]) dpun(q)

R G 0 . P
_ d—1P<VE:T§<%:M>SVEtT)' (4.92)

Let ¢ denote the density function of the standard Gaussian distribution, and for ¢ > 0, let

108



U(c) denote the probability that a standard Gaussian random variable lies in the interval

[—ec, ]

=
S
[l
\n
S
=
SN—
o,
~

Since (g, z34) is a Gaussian variable with standard deviation +/(d — 2)/(d — 1), we have

P1 P1 P1
P <(q,r34) < =U . 4.23
(\/d T < (4 75a) \/d—l) ( d—2) (4.23)
Plugging eqgs. and (§ into eq. gives:

v [ 51 [0 > 0] dun(a) (

Llp € Ay dun(p)

v

< ) ( . (P dp2> ©(p1) dpr
< ) ©(p1) dp
2 \/m ; U(\/h U(p1)e(p1) dpr.

For t € [—1,+1], it holds that ¢(t) > 1v/2me, and thus

Ula) = / o(t)dt > 2‘%

Therefore eq. (4.21)) is lower bounded by

1 b1 1 D1 2p1 1
Vd—1 /0 v (\/d— 2) Ulp)e(py) dpy 2 vVd—1 /0 V2re . Vd—2 ' V2re . V2re dps
1 b,
Z 0vd 1)(d—2)/0 Prdp
1
T 60\/(d—1)(d—2)
> 1
= 60d
QED.

We can prove two other interesting results for the noisy 2-XOR data.
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The width needs a poly(1/7) dependency for initial separability. The first step of
an NTK analysis is to show that the gradient features at initialization {(V f;(Wo), v:) }?:1 is
separable. Proposition gives an example where {(Vf i(Wo), yi) }?:1 is nonseparable when
the network is narrow.

Proposition 4.7. Let D = {(x;,y;)}}_, denote an arbitrary subset of the noisy 2-XOR
dataset such that x;’s have the same last (d — 2) coordinates. For any d > 20, if m <
v/d — 2/4, then with probability 1/2 over the random initialization of W, for any weights
V e R™*“ it holds that y; (V, V fi(Wy)) < 0 for at least one i € {1,2,3,4}.

For the noisy 2-XOR data, the separator v has margin v = (1/d), and 1/v = O(d). As a
result, if we want {(Vfi(Wo), yz) }:.L:l to be separable, the width has to be €(1/,/7). For a
smaller width, gradient descent might still be able to solve the problem, but a beyond-NTK
analysis would be needed.

To prove Proposition 4.7, we need the following technical lemma.

Lemma 4.13. Given z; ~ N(0,1) and 25 ~ N(0,?) that are independent where b > 1, we

have

1
P(|Zl| < |ZQ|> >1-— g

Proof. First note that for z3 ~ A(0,1) which is independent of 2,
1
Pl < al) = P (Ja] < b)) = 1P Jal < ] ).

Still let ¢ denote the density of N'(0, 1), and let U(c) denote the probability that z3 € [—c, ¢].

We have
1 1
(1l < glail) = [ ]2 |1l < gl | eeaboten) aad
1
= [ (Gla) et a
2 2 1

< doy = = < =

SN / [zilp(z) dar = — < o,
where we use the facts that U(c) < 2¢/v/271 and El|z|] = /2/7. QED.

We now give the proof of Proposition [4.7 using Lemma 4.13
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Proof of Proposition[f.7]. By symmetry, we only need to consider the following training set:

v =(1,0,1,...,1), y =1,
o= (0,1,1,...,1), = —1,
r3=(—1,0,1,...,1), y3=1,
vy =(0,-1,1,...,1), ys=—1.

The 1/v/d — 1 factor is omitted also because we only discuss the 0/1 loss.
For any s, let Ay denote the event that

1 [(ws, 1) > 0] =1 [{wy,2z2) > 0] =1 [{wy,23) > 0] =1 [(wy,z4) > 0].

We will show that if m < v/d — 2/4, then A, is true for all 1 < s < m with probability 1/2,
and Proposition [4.7] follows from the fact that the XOR data is not linearly separable.

For any s and 1,

| (we)i| < Z<ws)j and [(wa)e] <D (wa);)-

Note that (wg)1, (ws)2 ~ N(0,1) while Z?:3(ws)j ~ N(0,d —2). As a result, due to
Lemma [£.13]

P {[(wo] <[> (ws| | =B f[wn] <[> (wa| | >1-

Using a union bound, P(A;) > 1 —2/v/d—2. If m < v/d—2/4, then by a union bound

again,

2 d—2 1

2
P Al >1— —m>1-— = —.
1<Qm Vd—2 Vid —2 4 2
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QED.

A tight sample complexity upper bound for the infinite-width NTK. [74] give a
d? sample complexity lower bound for any NTK classifier on the noisy 2-XOR data. It turns
out that v could give a matching sample complexity upper bound for the NTK and SGD.

[74] consider the infinite-width NTK with respect to both layers. For the first layer, the
infinite-width NTK K is defined in Section [£.4] and the corresponding RKHS H and RKHS
mapping ¢ is defined in Section [£.1} For the second layer, the infinite width NTK is defined
by

R e

= Euwonoy) {a ((w,z:)) o ((w, xj>)] .

The corresponding RKHS K and inner product (wy, ws) are given by

K= {w Rd%R‘ / V2 dun(z <oo}, and (wl,w2>;<:/wl(z)wg(z)du/\/(z).

Given any x € RY, it is mapped into v, € K, where 1,(z) := o ((z,x>) It holds that
Ko(w4,75) = (Yu;, V2, ) - The infinite-width NTK with respect to both layers is just K+ K.
The corresponding RHKS is just H x K with the inner product

((v1,w1), (V2, wa) )i = (V1,V2)3 + (w1, wa) k.

The classifier v constructed earlier has a unit norm (i.e., ||9]|,, = 1) and margin v on the
space H. On H x K, it is enough to consider (v, 0), which also has a unit norm and margin
v. Since the infinite-width NTK model is a linear model in H x K, Theorem can be
used to show that SGD on the RKHS H x I could obtain a test error of ¢ with a sample
complexity of O(1/(y%€)). (The analysis of Theorem [2.1]is done in R%, but it still works with
a well-defined inner product.) Since v = Q(1/d), to achieve a constant test accuracy we
need O (d*) samples. This matches (up to logarithmic factors) the sample complexity lower
bound of d? given by [74].
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Chapter 5: Deep homogeneous networks

In this chapter, we analyze the implicit bias of gradient flow on deep networks. We focus
on gradient flow to illustrate the key proof ideas, but many results can be extended to
gradient descent with small enough learning rates.

First, in Section 5.1, we consider deep linear networks, which maps the input z to
Wi Wy 1+ WoWiz, where Wy, ..., W, denote L weight matrices (layers). A deep linear
network can still only represent a linear function, but it induces a nonconvex optimization
problem, which makes the analysis much trickier. We will show that, despite overparame-
terization and nonconvexity, under some mild conditions, gradient flow still learns a simple
solution: all weight matrices become nearly rank-1, adjacent weight matrices tend to have
identical top singular vectors, and the whole network computes the maximum-margin pre-
dictor (cf. Theorems [5.1] and [5.2)).

In Section [5.2], we further extend the previous results to deep homogeneous networks. We
show that the gradient flow iterate w, and the corresponding (negative) gradient —Vﬁ(wt)
converge to the same direction (cf. Theorem ; this result implies the previous result for

deep linear networks, and can also be applied in many other settings.

5.1 ALIGNMENT IN DEEP LINEAR NETWORKS

In this section, as in Chapter [2] we consider a training set that is linearly separable, and
let v* and u* denote the maximum margin and maximum-margin predictor.

A linear network of depth L is parameterized by weight matrices Wp,..., Wy, where
Wy € R&*d-1 dy = d, and d, = 1. Let W = (Wy,...,W;) denote all parameters of the
network. The (empirical) risk induced by the network is given by

n

. ~ 1 — 1
RW) =R (Wp,....W1) =~ S (WL Wizy) = - > 0 ((wproa, 21)) -
=1

i=1
where wyroq 1= (Wr -+ W1)T, and z; 1= y;;.

In this section, we consider loss functions satisfying the following conditions.
Assumption 5.1. ¢ < 0 is continuous, lim, , o, ¢(x) = oo and lim,_,, £(z) = 0.

Moreover, we consider gradient flow {W(t)|t > 0,¢ € R}, which starts from some W (0)

at t = 0, and proceeds as

AW (t) N
5 — VR (W(1)) .
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We assume that the initialization of the network is not a critical point and induces a risk no
larger than the risk of the trivial linear predictor 0.

Assumption 5.2. The initialization W (0) satisfies VR (W(0)) # 0 and R (W(0)) <
R(0) = £(0).

It is natural to require that the initialization is not a critical point, since otherwise gradient
flow will never make a progress. The requirement R (W(0)) < R(0) can be easily satisfied,
for example, by making W;(0) = 0 and W,(0)---W5(0) # 0. Alternatively, we can ensure
Assumption using an NTK analysis.

For convenience, only within this section, we will use W, Wy, and wp0q to denote W (t),
Wi (t) and wprod(t).

Previously, [96] considered gradient descent on fully connected linear networks and linear
convolutional networks. In particular, for the exponential loss, assuming the risk is min-
imized to 0 and the gradients converge in direction, they showed that the whole network
converges in direction to the maximum margin solution. These two assumptions are on the
gradient descent process itself; by contrast, in the following we will show alignment and

margin maximization results only assuming Assumption . The analysis is based on [31].

Additional related work. There has been a rich literature on linear networks. [97]
analyzed the learning dynamics of deep linear networks, showing that they exhibit some
learning patterns similar to nonlinear networks, such as a long plateau followed by a rapid risk
drop. [98] showed that depth can help accelerate optimization. On the landscape properties
of deep linear networks, [99, 100] showed that under various structural assumptions, all local
optima are global. [I0I] gave a necessary and sufficient characterization of critical points for

deep linear networks.

5.1.1 Risk convergence and layer alignment

One key property of gradient flow is that it never increases the risk:

12
OR

oW,

dR(W) _ <v7€<w), M> = —[|[VRW)[IZ ==

<0. .
dt dt 0 (5.1)
k=1

We now state the main result: under Assumptions [5.1] and [5.2] gradient flow minimizes the

risk, Wi, and wp0q all go to infinity, and the alignment phenomenon occurs.

Theorem 5.1. Under Assumptions [5.1] and [5.2] gradient flow iterates satisfy:
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~

e limy .., R(W)=0.
o Forany 1 <k < L, limy o [|[Wi|lp = 00

e For any 1 < k < L, letting (uy,vx) denote the first left and right singular vectors of
ka

— ukv,;r

hmH&
t=ool| [[ Wi ||

F

Moreover, for any 1 < k < L, limHoonkH, uk)} = 1. As a result,

lim < Wprod > :1’
t=oel \ TT_, [[Willr

and thus limy_, o || Wpred||2 = 0.

Theorem is proved using two lemmas, which may be of independent interest. To
show the ideas, let us first introduce a little more notation. Recall that ﬁ(W) denotes the
empirical risk induced by the deep linear network W. Abusing the notation a little, for
any linear predictor w € R?, we also use ﬁ(w) to denote the risk induced by w. With this
notation, R(W) = ﬁ(wpmd), while

v wprod Z El wprod» Zz Zi = Z él Wl Zl) %

is in R¢ and different from Vﬁ(W), which has Zle didj_; entries, as given below:

R

. =Wy W VRWproa) WY -+ WL,

Furthermore, for any R > 0, let

B(R) = {W

max IWillr < R}

1<k<
First we show that for any R > 0, the time spent by gradient flow in B(R) is finite.

Lemma 5.1. Under Assumptions and [0.2] for any R > 0, there exists a constant
¢(R) > 0, such that for any ¢ > 1 and any W € B(R), ||0R/OWy|r > €(R). As a result,
gradient flow spends a finite amount of time in B(R) for any R > 0, and max;<x<r, | Wk F

is unbounded.
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Proof of Lemma |5.1. Fix an arbitrary R > 0. If the claim is not true, then for any ¢ > 0,

- 2
there exists some t > 1 such that |[W||r < R for all k While‘ OR/OW1|| < €2, which means
F
oR || 2 2
[ W WV R o) || =W W3] | TR (i) | < €2
oW, - F 2

Since || wprodll2 < RE, we have

(VR (o), 1) = = S8 (o, 20) {27) < 0 ((eoa, 20) 7 < M
=1 =1

where —M = max_gr<,<ge ¢'(x). Since ¢’ is continuous and the domain is bounded, the
maximum is attained and negative, and thus M > 0. Therefore HVﬁ(wpmd)H2 > M~*, and
thus [|[Wp, -+ Whll2 < €/M~*. Since ||Wi||r < R, we further have ||wpodll2 < eR/M~*. In
other words, after t = 1, prde2 may be arbitrarily small, which implies R (wpmd) can be
arbitrarily close to R (0).

On the other hand, by Assumption dﬁ(W)/dt = —||V7€(W)|
This implies that R (W) < R (W(0)), and for any t > 1, R (W (1))
R (W(0)) < R(0), which is a contradiction.

Since the risk is always positive, we have

0att = 0.
R(W()) <

L o~
R > OR
R >
(W) 2 /to o U
k=
<| o7 |’
2 dt
/tzo oWy ||
< o |
= <
F
= / R [max [WillF < R} dt
1=1||OW1 o Liskse

vV

6(3)2/ i [max Wellr < R] dr,
1 |1<k<L

which implies gradient flow spends a finite amount of time in {W|max1§k5 LIIWkllr < R}.

This directly implies that max;<x<y, ||Wk||F is unbounded. QED.

To proceed, we need the following properties of linear networks from prior work [98], 102].
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For any time t > 0 and any 1 < k < L,
Wit (O Wiga (8) = Wil (0) Wit (0) = Wi() W) (£) — Wi ()W, (0). (5-2)
To see this, just notice that

oR OR

WkTHm = Wyy o W VR(wproa) "W - W = A, W
Taking the trace on both sides of eq. , we have
Wi 2~ [Werr O = W02~ [ WO 53)

In other words, the difference between the squares of Frobenius norms of any two layers
remains a constant. Together with Lemma [5.1] it implies that all ||W}]||r are unbounded.

However, even if |V are large, it does not follow necessarily that ||wpeal|2 is also large.
Lemma [5.2| shows that this is indeed true: for gradient flow, as ||Wy||r get larger, adjacent
layers also get more aligned to each other, which ensures that their product also has a large
norm.

Given a matrix W, let ||W||, denote its top singular value (the spectral norm). For
1 <k < L, let o, ug, and v, denote the first singular value, the first left singular vector,

and the first right singular vector of Wy, respectively. Furthermore, define

Y
e

D= (s, IV ) ~ W01+ [0 ()~ W00

1<k<L

which depends only on the initialization. If for any 1 < k < L, it actually holds that
Wi ()W, (0) = W/:+1(O)Wk+1<o)a then D = 0.

Lemma 5.2. The gradient flow iterates satisfy the following properties:

o Forany 1 <k < L, |[Wi|%2 — ||Wi|?* < D.

o Forany 1 <k < L, (i1, ur)® > 1= (D + [[Wira (0)[15 + [[Wi(0)[17) /[[Wikall2-

e Suppose max;<i<r, |[Wk||r — 00, then — 1.

(o TELy Wil 1)

Proof. The first claim is true for k£ = L since W}, is a row vector. For any 1 < k < L, recall
that [98] [102] give the following relation:

Wi (O Wia (8) = Wil (0) Wit (0) = Wi()W (2) — Wi (0)Wy(0). (5.4)
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Let Ag g1 = Wi(0)W, (0) — WL, (0)W;41(0). By eq. (5.4) and the definition of singular

vectors and singular values, we have

2 T T
0% 2 Ut WiWy, v
_ T T T
- vk+1Wk+1Wk+lvk+1 + Uk+1Ak,k+1Uk+1

2 T
= Ojop1 + V1 Ak k10641

> 0y — [ Arrsllo- (5.5)
Moreover, by taking the trace on both sides of eq. (5.4)), we have

IWllg =t (Wi ) = tr (Wl Wi ) + b (W)W (0)) = tr (W, (0) Wi 0))
= [Wisall5 + W (0)[[F = [Wisa (O (5.6)

Summing eq. (5.5) and eq. (5.6 from k to L — 1, we get

L-1
IWillE = Welly < IWa(O)IIF = IWLOIF + D 1Ak plle < D. (5.7)
k'=k

Next we prove that singular vectors get aligned. Consider uw} W, ;Wji1ug. On one hand,
similarly to eq. (5.5)), we can get that

up Wil Wiug, = ul Wi W, ug — )l Wi (0)W,] (0)ug + ul W1 (0) Wi (0)uy
> up WieW, g, — ), Wi (0)W, (0)uy,
> o — [[Wi(0)][5 (5.8)

On the other hand, it follows from the definition of singular vectors and eq. ((5.7) that

W Wil Wi, = (ug, ve1) 0y + g, (WkT—i-kaJrl - Uk+1013+1vi;r+1) up,
< (ug, vrg1) 2oy + [ WeallF = W2

< (ug, vpi1)?07y + D. (5.9)
Combining eq. (5.8)) and eq. (5.9), we get
a7y < (un, V1) 041 + D+ [[W3(0)]]5- (5.10)

Similarly to eq. (5.8)), we can get o7 > v, WiW, g1 > 0 — [|[Wit1(0)]|2, which further
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implies

2 2
Ok11 Oft1

Combining eq. (5.10) and eq. (5.11)), we finally get

D + [Wi(0)ll5 + [We+1(0)5

2
Okt1

(U, Vpy1)? > 1 —

Regarding the last claim, first recall that since the difference between the squares of
Frobenius norms of any two layers is a constant, max;<x<r, |Wi||r — oo implies ||[Wy| r — o0

for any k. We further have the following.
e Since ||[Wi||% — [[Wel|? < D, ||[W|lz2 — oo for any k, and Wy /||Wi|lr — ugv, .
e Since ||[Wi|lo — oo, |(ug, ver1)| — 1.

As a result,

Wprod ﬁ Wk
[T, HWkHF Pl Wlle "
L
— <H UZ'U;I—,U1>

k=1

— 1.

QED.
Now we are ready to prove Theorem [5.1]

Proof. Suppose for some € > 0, ﬁ(W) > € for any t. Then there exists some 1 < 7 <
n such that ¢ ((wprod,zj>) > €, and thus (Wpred, zj) < £71(€). On the other hand, since
R(W) < R(0) = £(0),  ((Wprod, 7)) < nl(0), and thus (Wpred,z;) > €71 (nl(0)). Let
—-M = MAX)1 (14(0)) <ot (e/n) V'(x) < 0, we have for any t,

~ , ,
<VR<wprod § f wprod’Zz Zzy < E E wprod,zz

1
S Egl (<wpr0d7 ZJ>) 7*
n

<0,
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and thus ||V7€(wprod)||2 > M~*/n.
Similar to the proof of Lemma [5.2] we can show that if ||[W||p — oo,

Willp- - [Wallr’

In other words, there exists some C' > 0, such that when min; <<y ||[W|r > C, it holds that
WL Wally > [[Willp - [[Wallp/2 > CF /2.

Lemma 5.1 shows that gradient flow spends finite time in {W|max; <4<, |Wi|r < R} for
any R > 0. Since the difference between the squares of Frobenius norms of any two layers is
a constant, gradient flow also spends a finite amount of time in {W‘minlgkg LIWkllr <C }

Now we have

2

dt
F

o~ L

OR
oW

2

R (W(0)) 2/

=0 =1

/°° OR
>
t=0

oW,
F
- / Wy - - Wal 21 VR (wproa) 3.t
t

=0

dt

> [ WA R 1 |
t

(Y () [

oo,

||Wk||F > C} dt

min
1<k<L

v

min ||Wi||r > C} dt
k<L

1<k<

which is a contradiction. Therefore R(€) — 0. This further implies ||W|r — oo, since
7/?\,(W) has no finite optimum. Finally, invoking Lemma proves the final claim of Theo-

rem [5.1] QED.

5.1.2  Margin maximization

In [31], we also proved the following result.

Theorem 5.2. Suppose Assumption and that the support vectors span R?, for almost
all data and the exponential loss or logistic loss, we have limt%oo}@l, a>| = 1, where v; is

the first right singular vector of W. As a result, limy_,o Wproa/ H£=1 |Wi|lF = a.
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Note that Theorem requires that the support vectors span R?; later in Section [5.2.2]
we will show the same result without this condition, as a corollary of a general alignment

result for deep homogeneous networks.

5.2 ALIGNMENT IN DEEP HOMOGENEOUS NETWORKS

In this section, we consider L-homogeneous networks, meaning that given any input z
and any positive number ¢ > 0, it holds that f(z;cW) = clf(a;W). Examples include
deep networks, with linear and convolutional layers, max and average pooling layers, and
homogeneous activations, such as the identity activation z +— =z, ReLU activation = >
max{0,z}, and more generally powers of ReLU z +— max{0,z}*. On the other hand,
homogeneity does not allow skip connections and bias vectors. Here is a typical homogeneous

network, where the activation ¢ is homogeneous:
x— Wro <WL,1U ( o(Wix)--- )) .

For simplicity, in the following we assume f is twice continuously differentiable, even though
we can drop this condition by assuming certain definability conditions [32].
For simplicity, we will focus on the exponential loss, and let £ denote the unnormalized

empirical risk

n

L(W) = ZE (yif(:lri; W)) = Zexp (—yif(qzi; W)) = Zexp (—hZ(W)) ,
i=1 i=1 i=1
where we let h;(W) := y; f(x;; W). In the following, we will not deal with y; and x; directly,
instead we will just consider h;, which are also positive homogeneous and twice differentiable.

We consider gradient flow over L:

dw,
dt

Note that gradient flows over R and £ have the same path, and thus will not affect the
results we prove below. We further make the following assumption on the initialization:
Assumption 5.3. The initial iterate W, satisfies £(WW,) < £(0).

Note that Assumption [5.3] is stronger than Assumption [5.2l However, we can ensure
Assumption [5.3] using Theorem [5.1] or an NTK analysis.

In [32], we show the following result.
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Theorem 5.3. Under Assumption 5.3 if the network is twice differentiable, then —V.L(W;)
and W; become aligned to each other, meaning the angle between W, and —V.L(W;) con-

verges to zero.

Previously, [103] showed that subsequences of the gradient flow converge to KKT points
of the margin maximization problem. We note that alignment in Theorem [5.3]is in general a
stronger notion, in that it is unclear how to prove alignment as a consequence of convergence
to KK'T points.

Below we first prove Theorem and then apply it to show margin maximization for
deep linear networks. For simplicity, in this section we let || - || denote the £ norm of vectors

or Frobenius norm of matrices.

5.2.1 Proof of Theorem [(.3]

We first give the following technical result.

Lemma 5.3. Suppose f : R¥ — R is differentiable and L-positively homogeneous for some

L > 0. Then Vf is (L — 1)-positively homogeneous: given any nonzero x and ¢ > 0, we have
Vf(cx) =V f(z).
If Vf is also differentiable, then for any ¢ > 0, it holds that
V2 f(cx) = "2V f ().

Moreover, there exists K, > 0 such that for any ||z|| = 1, it holds that HVQf(x)HJ < K,.
Proof. By definition,

i S ty) - f) - (Vf(x),y)

—0.
lIylido lyll

On the other hand, by homogeneity,

Flex +2) — flex) — <cL*1Vf(x),z> =t <f (91: + g) — f(z) - <Vf(x), §>> .

Therefore
. flex 4 2) — flex) — (" 'V f(z), 2) i fle+2) = flz) = (Vf(x),2) _9
l121I40 (K (B lz/cl] ’
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which proves the claim. The homogeneity of V2f when it exists can be proved in the same
way.

To get K, note that for any ||z|| = 1, there exists an open neighborhood U, of = on which
Vf is K,-Lipschitz continuous, and thus the spectral norm of V2f is bounded by K,. All
the U, form an open cover of the compact unit sphere, and thus has a finite subcover, which
implies the claim. QED.

We also define the following quantities, which will be useful in our analysis. Let

(W, va(W))

a(W) =7 (L(W)) = —In (L(W)), and B(W):= L

Lemma 5.4. If L(IW) < £(0), it holds that

0<a(W)< min h;(W) < B(W) < a(W) + In(n).

1<i<n

Proof. Note that a(W) = —In (L(W)) > —1In (¢(0)) = 0. Moreover,

exp W))
L Z Z

0 1exp ))

exp (—hi(W)) |
(W v ZZ/ Lexp ( h (W))hl(W)’

where we use Euler’s homogeneous function theorem. Therefore

—In Zexp (=hi(W)) | < min h( ) < B(W).

QED.

Next we estimate various quantities using Lemmas [5.3 and [5.4]

Lemma 5.5. For any W which satisfies £(W) < £(0), it holds that B(W)/|[W]]* and
|Va(W)|| /W=~ are bounded.
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Proof. Since h;(W) is continuous, it is bounded on the unit sphere. Because it is L-positively
homogeneous, h;(W)/||W||* is bounded on R*. Lemma implies that S(IV) — In(n) <
a(W) < minj<ij<, hy(W), and it follows that 3(W)/|[|W||L is bounded.

Recall that

exp (—hi(W))
Z Zz 1eXP —hy (W))

Vhi(W),

Moreover, Lemma implies that all [|[Vh(W)|| /|[W]/*~! are bounded. Consequently,
[Va(W)|| /W=~ is bounded. QED.

Next we define the following quantity J; it generalizes the dual objective in the linear

case (cf. Section [2.2)), and is crucial in our analysis.

[Vam)|”
W) : : 5.12
T = e 1)
Lemma 5.6. For any W satisfying £L(W) < £(0),
(VIOW), ~VLW)) < KLOV)|W|*? sin(0)’
for some constant K > 0, where 6 denotes the angle between W and —V.L(WW).
Proof. For simplicity, let 7(£) := —1In (Z?:l exp(—&)). It holds that 7 is concave, and
" on
Va(W) = Vh;(W). (5.13)
= Oh;
Since Vh; are also differentiable at W, we have
‘ T
Z]Z (8h D hi (W)Y h; (W) ) (5.14)

On the other hand, let W = W/|[W ||, we have

2V2a(W)Va(W)  ||Va(W ||

o
VIW) = e s (E 2V
_2VR(W)Va(W) (2L —2) }|va(W)||2W

R e
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and thus

(W22 (VT (W), =VLW))
2 LOW)

IIWII2 (YT, Va(i)
= ||W|| Va(W )TV2a(W)Va(W) — (L = 1)||[Va(W)||* (W, Va(W)). (5.15)

Comparing eqgs. (5.14]) and ([5.15)), first note that

n n 2
¥ O V(W) Vhi(W)Vh(W) Va(W) <0,
since 7 is concave. Moreover by eq. ((5.13)),
"\ Or " on
(W, Va(W)) = i (W, Vhi(W)y =LY i)
=1 " i=1

Therefore eq. ((5.15)) is upper bounded by

)TV (W) Va(iv) — L(L — D||Va(i)]* 3 g—;hi(W). (5.16)

Let V,a(W) and V  a(W) denote the radial and spherical part of Va(WW). Let 6 denote
the angle between W and Va(W). Lemma and the definition of S(1¥) imply that

(W.Va(W)) = LB(W) >0
and thus € is between 0 and 7/2. Now Lemma implies that

W2V, a(W) T V2h,(W)V,a(W) = cos(8)||Va(W)||> WV 2h (W)W
= cos(8)?|| Va(W)||* - L(L — 1)h(W)
<||[Va(W)||* - L(L — 1)hi(W). (5.17)

Moreover,

2| [PV (W) TR (W) V(W) = 2[W[|Va(W) | cos(8) (Va(), V2h (V)W)
= 2(L — V)|W][|[Va(W)]|| cos(8) (V La(W), Vhi(W)),
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and thus by the definition of (W),

2w Z W) V2h(W)V,a(W)
=2(L - 1)||W]| HVa )|| cos(8) {V La(W), Va(W))
= 2(L — 1) | W] ||Va(W)]|]® cos(8) sin(8)?
= 2L(L — 1)||[Va(W)|*sin()28(W). (5.18)

In addition, Lemma [5.3| ensures that ||[V2f||, has a uniform bound K, on the unit sphere,

therefore

W Z

2 . _
W) V(W)Y La(W) < W2 Ta(W)|*sin(6)? - K, 7“2

= K, ||W|*[|[Va(W)]|| sin(6)>. (5.19)
Combining eqgs. (5.15)) to (5.19)) gives

(VIW), —VLW)) _ 4 E|W]" + LL = HBI)) [ Va(W)

I

< sin(6)2.
LW) W[
Invoking Lemma [5.5] then gives
(VI(W), =VLW)) < =KLW)|[W " sin(6)?

for some constant K > 0. QED.

To continue, we need a little more notation. Let a(W) := ﬁ;%g Next we note that the
gradients of o and & are strongly related.
Lemma 5.7. For any nonzero W € R¥, we have

—a(W)=~ Via(W
v,am) = 2 =W d viamw) = e

W=+t wi*

Moreover,

da
& IV Lovl| +|Vam[|v.ocom).

Proof. Note that given W # 0, « is differentiable at W if and only if & is differentiable at
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W, and when both gradients exist,

Va(W) a(W)-LIW|E W Va(W) | a(W)W

(W) = - - - .
Vav) = T W WwiE L

The first claim of Lemma [5.7| then follows from the definition of S(W). The second claim is

trivial. For the final claim, note that

da(y)
dt

= (Va(W,), =VLW,)) = (V,a(W,), =V, L(WL)) + (VLa(W,), =V LL(W,)).

By Lemma and the first claim of Lemma , both <VT07(Wt), Wt> and <—VTE(W,5), Wt>

are nonnegative, and thus
(Voa(Wy), =V, LW,)) = || Vea(W) ||| VL)) -

The second claim of Lemma also implies that V a(W;) and —V  L(WV};) point to the

same direction, and thus
(VLia(Wy), =V LLWy)) =||VeaW) ||| VL] -

QED.
Next we control 6;, the angle between W; and —V L(W,), using Lemma

Lemma 5.8. If £L(W)) < £(0), then it holds that
/ LW ||[W|[F2 tan(6;)? dt < oo.
0

Proof. Lemma [5.7] implies that

da Ve[V LOV) ||V e

W= N W2l ’

&7 Z v vocom| =

and moreover ||V a(Wy) || =||V,a(W,)|| tan(6,) = L|'|8V(V‘ﬁ|t) tan(6;), therefore

2 B(W)?

_ Z L(Wt) L2 tan<9t) W

Since &; is monotonically nondecreasing with a limit a [I03, Theorem 4.1], it also follows
that B(W,)/||[Wi|X > a(W;) > a(Wy) > 0, and the proof is finished. QED.
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Now we can prove Theorem [5.3]

Proof of Theorem[5.3. Fix an arbitrary € € (0,1), and let J; denote J(W;). Recall that
limy oo (W) /||Wil|¥ = a. Lemma [5.4] then implies lim;_, B(W;)/||W;||* = a, and thus we
can find t; such that for any ¢ > ¢4,

i ﬁ<wt>:1<w<wt> Wt> ( g)
C‘(l 6)<\|WtuL C\TwE T W) <\ e (5-20)

Moreover, Lemmas [5.6] and imply that there exists ¢, such that for any ¢’ > t > t,,

aLe\”
T =< (=) - (5.21)
[103], Corollary C.10] implies that there exists t3 > max{t;, 3} such that
1 € 1 €
— 1< = d th <1+-. 5.22
cos(6y,)? g Ane T cos(6y,) 5 (522)

We claim that ¢; < 1+ € for any ¢ > t3.

To see this, note that egs. (5.20)) and ((5.22) imply

VeV |

€ 1 € 2 €
=" T <alL |1+ - <alL |14+ -— <alLl1l4+-].
VI = gt < <+6) con(0y) <+6) ‘ (*2)

Moreover, using eq. (5.21)), for any t > ts,

Le\ 2 L 2
\/Zzwtﬁjt—xﬁwﬁ(%) <\/$2+%<GL(1+§)7

and thus
1 L (14 2¢/3
= Vi T < ¢ ( ¢/ ) <l+e
cos(0y)  LB(Wy)/|[Wi| aL(1—¢€/6)
Since € is arbitrary, we have lim;_,., 6; = 0. QED.

5.2.2  Application to deep linear networks

Recall that Theorem implies wpoq becomes aligned with vy, the top right singular vec-
tor of Wj. Moreover, since Wy and 0L/0W; become aligned as ensured by Theorem , and
since 87%/ oWy =W, . W/ Vﬁ(wprod)T, it follows that v; becomes aligned with Vﬁ(wpmd),
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and thus wp.0q becomes aligned with Vﬁ(wprod). In other words, wpoq asymptotically sat-
isfies the duality condition of the margin maximization problem (cf. Lemma , and thus

Wprod converges to the maximum-margin predictor.

5.2.3 Directional convergence

Note that Theorem [5.3 only shows W; and —V L(W;) converges to the same direction, but
it does not show if W, itself converges to a fixed direction, i.e., if W;/||W;|F converges to
a fixed point over the unit sphere. This property is called “directional convergence”; it is
often assumed throughout the literature [96, [104], but has only been established for linear
predictors [16]. It is tricky to prove because it may still be false for highly smooth functions:
for instance, the homogeneous Mexican Hat function satisfies all our assumptions ezcept
definability, and can be adjusted to have arbitrary order of continuous derivatives, but its
gradient flow does not converge in direction, instead it spirals [103]. In [32], we proved
directional convergence under an additional assumption of o-minimal definability which is
mild and satisfied by most practical neural networks; see [32], Appendix B| for details. As
mentioned above, the twice differentiability condition in Theorem can also be replaced
with definability and locally Lipschitz gradients; see [32, Section 4] for details.

5.3 FUTURE DIRECTIONS

In this chapter, we summarize our implicit bias results of GD on deep networks. However,
these results are still not satisfactory enough: even though they are true as t — oo, it may
actually take a really long time for these alignment phenomena to happen. This is in contrast
to the NTK-style analysis given in Chapter 4k an NTK analysis basically only uses the power
of random features at initialization, but in practice these features do change during training,
and they can often be better than the random features at initialization [I05]. It is very
interesting to formally study how the features evolve after the initial NTK phase of training,

and understand when and why they are better than random features.

129



1]

[10]

[11]

[12]

[13]

References

K. He, X. Zhang, S. Ren, and J. Sun, “Deep residual learning for image recognition,” in
Proceedings of the IEEE conference on computer vision and pattern recognition, 2016,

pp. 770-778.

A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, L. Kaiser, and
I. Polosukhin, “Attention is all you need,” Advances in neural information processing
systems, vol. 30, 2017.

D. Silver, J. Schrittwieser, K. Simonyan, I. Antonoglou, A. Huang, A. Guez, T. Hu-
bert, L. Baker, M. Lai, A. Bolton et al., “Mastering the game of go without human
knowledge,” nature, vol. 550, no. 7676, pp. 354-359, 2017.

Y. Nesterov, Introductory lectures on convexr optimization: A basic course. Springer
Science & Business Media, 2013.

H. Robbins and S. Monro, “A stochastic approximation method,” The annals of math-
ematical statistics, pp. 400-407, 1951.

D. P. Kingma and J. Ba, “Adam: A method for stochastic optimization,” arXiv
preprint arXiv:1412.6980, 2014.

M. Anthony, P. L. Bartlett, P. L. Bartlett et al., Neural network learning: Theoretical
foundations. cambridge university press Cambridge, 1999, vol. 9.

C. Zhang, S. Bengio, M. Hardt, B. Recht, and O. Vinyals, “Understanding deep learn-
ing requires rethinking generalization,” arXiv preprint arXiv:1611.03530, 2016.

S. Bubeck, “Convex optimization: Algorithms and complexity,” arXiw preprint
arXiv:1405.4980, 2014.

A. B. Novikoff, “On convergence proofs for perceptrons,” STANFORD RESEARCH
INST MENLO PARK CA, Tech. Rep., 1963.

B. E. Boser, I. M. Guyon, and V. N. Vapnik, “A training algorithm for optimal margin
classifiers,” in Proceedings of the fifth annual workshop on Computational learning
theory, 1992, pp. 144-152.

R. E. Schapire and Y. Freund, Boosting: Foundations and Algorithms. MIT Press,
2012.

P. L. Bartlett, D. J. Foster, and M. J. Telgarsky, “Spectrally-normalized margin bounds
for neural networks,” in Advances in Neural Information Processing Systems, 2017, pp.
6240-6249.

130



[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

Z. Ji and M. Telgarsky, “Risk and parameter convergence of logistic regression,” arXwv
preprint arXiv:1803.0730002, 2018.

A. Rakhlin, O. Shamir, and K. Sridharan, “Making gradient descent optimal for
strongly convex stochastic optimization,” in ICML. Citeseer, 2012.

D. Soudry, E. Hoffer, M. S. Nacson, S. Gunasekar, and N. Srebro, “The implicit bias
of gradient descent on separable data,” The Journal of Machine Learning Research,
vol. 19, no. 1, pp. 2822-2878, 2018.

Z. Ji and M. Telgarsky, “Risk and parameter convergence of logistic regression,” arXw
preprint arXiw:1803.07300, 2018.

M. Telgarsky, “Margins, shrinkage, and boosting,” in ICML, 2013.

7. Ji and M. Telgarsky, “Characterizing the implicit bias via a primal-dual analysis,”
arXiv preprint arXiw:1906.04540, 2019.

7. Ji, N. Srebro, and M. Telgarsky, “Fast margin maximization via dual acceleration,”
in International Conference on Machine Learning. PMLR, 2021, pp. 4860-4869.

A. Cotter, S. Shalev-Shwartz, and N. Srebro, “The kernelized stochastic batch percep-
tron,” arXiv preprint arXiw:1204.0566, 2012.

Z. Ji, M. Dudik, R. E. Schapire, and M. Telgarsky, “Gradient descent follows the
regularization path for general losses,” in Conference on Learning Theory. PMLR,
2020, pp. 2109-2136.

P. Awasthi, M. F. Balcan, and P. M. Long, “The power of localization for efficiently
learning linear separators with noise,” in Proceedings of the forty-sizth annual ACM
symposium on Theory of computing, 2014, pp. 449-458.

[. Diakonikolas, V. Kontonis, C. Tzamos, and N. Zarifis, “Non-convex sgd learns half-
spaces with adversarial label noise,” arXiv preprint arXiv:2006.06742, 2020.

S. Frei, Y. Cao, and Q. Gu, “Agnostic learning of halfspaces with gradient descent via
soft margins,” in International Conference on Machine Learning. PMLR, 2021, pp.
3417-3426.

7. Ji, K. Ahn, P. Awasthi, S. Kale, and S. Karp, “Agnostic learnability of halfspaces
via logistic loss,” arXiv preprint arXiw:2201.13419, 2022.

Z. Ji, J. D. Li, and M. Telgarsky, “Early-stopped neural networks are consistent,”
arXiv preprint arXiw:2106.05932, 2021.

A. Jacot, F. Gabriel, and C. Hongler, “Neural tangent kernel: Convergence and gen-
eralization in neural networks,” in Advances in neural information processing systems,
2018, pp. 8571-8580.

131



[29]

[30]

[31]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]
[44]

Z. Chen, Y. Cao, D. Zou, and Q. Gu, “How much over-parameterization is sufficient
to learn deep relu networks?” arXiv preprint arXiv:1911.12360, 2019.

Z. Ji and M. Telgarsky, “Polylogarithmic width suffices for gradient descent to
achieve arbitrarily small test error with shallow relu networks,” arXiv preprint
arXiw:1909.12292, 2019.

Z. Ji and M. Telgarsky, “Gradient descent aligns the layers of deep linear networks,”
arXiv preprint arXw:1810.02052, 2018.

Z. Ji and M. Telgarsky, “Directional convergence and alignment in deep learning,”
arXw preprint arXw:2006.06657, 2020.

F. Rosenblatt, “The perceptron: a probabilistic model for information storage and
organization in the brain.” Psychological review, vol. 65, no. 6, p. 386, 1958.

P. Tseng, “On accelerated proximal gradient methods for convex-concave optimiza-
tion,” http://www.mit.edu/~dimitrib/PTseng/papers/apgm.pdf, 2008.

7. Allen-Zhu and L. Orecchia, “Linear coupling: An ultimate unification of gradient
and mirror descent,” arXiv preprint arXiv:1407.1537, 2014.

Y. Cao and Q. Gu, “Generalization error bounds of gradient descent for learning over-
parameterized deep relu networks,” arXiv preprint arXiw:1902.01584, 2019.

O. Shamir, “Gradient methods never overfit on separable data,” arXiv preprint
arXiv:2007.00028, 2020.

Y. Nesterov, “Primal-dual subgradient methods for convex problems,” Mathematical
programming, vol. 120, no. 1, pp. 221-259, 2009.

J. Borwein and A. S. Lewis, Convex analysis and nonlinear optimization: theory and
examples. Springer Science & Business Media, 2010.

R. M. Freund, P. Grigas, and R. Mazumder, “Adaboost and forward stagewise regres-
sion are first-order convex optimization methods,” arXiv preprint arXiv:1307.1192,
2013.

S. Shalev-Shwartz and Y. Singer, “Online learning: Theory, algorithms, and applica-
tions,” 2007.

S. Shalev-Shwartz, “Online learning and online convex optimization,” Foundations and
Trends in Machine Learning, vol. 4, no. 2, pp. 107-194, 2011.

R. T. Rockafellar, Convex analysis. Princeton university press, 2015.

M. S. Nacson, J. Lee, S. Gunasekar, N. Srebro, and D. Soudry, “Convergence of gra-
dient descent on separable data,” arXiv preprint arXiw:1803.01905, 2018.

132


http://www.mit.edu/~dimitrib/PTseng/papers/apgm.pdf

[45]

[46]

[47]

[48]

[49]
[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

A. Ramdas and J. Pena, “Towards a deeper geometric, analytic and algorithmic under-
standing of margins,” Optimization Methods and Software, vol. 31, no. 2, pp. 377-391,
2016.

S. Rosset, J. Zhu, and T. Hastie, “Boosting as a regularized path to a maximum margin
classifier,” JMLR, vol. 5, pp. 941-973, 2004.

R. E. Schapire, Y. Freund, P. Bartlett, W. S. Lee et al., “Boosting the margin: A new
explanation for the effectiveness of voting methods,” The annals of statistics, vol. 26,
no. 5, pp. 1651-1686, 1998.

T. Zhang and B. Yu, “Boosting with early stopping: Convergence and consistency,”
The Annals of Statistics, vol. 33, pp. 1538-1579, 2005.

P. Zhao and B. Yu, “Stagewise lasso,” JMLR, vol. 8, no. Dec, pp. 2701-2726, 2007.

S. Gunasekar, J. Lee, D. Soudry, and N. Srebro, “Characterizing implicit bias in terms
of optimization geometry,” arXiv preprint arXiw:1802.08246, 2018.

M. S. Nacson, N. Srebro, and D. Soudry, “Stochastic gradient descent on separable
data: Exact convergence with a fixed learning rate,” in The 22nd International Con-
ference on Artificial Intelligence and Statistics. PMLR, 2019, pp. 3051-3059.

A. Suggala, A. Prasad, and P. K. Ravikumar, “Connecting optimization and regular-
ization paths,” Advances in Neural Information Processing Systems, vol. 31, 2018.

Z. Charles, S. Rajput, S. Wright, and D. Papailiopoulos, “Convergence and margin of
adversarial training on separable data,” arXww preprint arXiv:1905.09209, 2019.

Y. Li, E. X. Fang, H. Xu, and T. Zhao, “Implicit bias of gradient descent based
adversarial training on separable data,” 2020.

B. Wang, Q. Meng, H. Zhang, R. Sun, W. Chen, and Z.-M. Ma, “Momentum doesn’t
change the implicit bias,” arXiv preprint arXiv:2110.053891, 2021.

S. Ben-David, D. Loker, N. Srebro, and K. Sridharan, “Minimizing the misclassification
error rate using a surrogate convex loss,” arXw preprint arXiv:1206.6442, 2012.

A. Daniely, “A ptas for agnostically learning halfspaces,” in Conference on Learning
Theory. PMLR, 2015, pp. 484-502.

M. J. Kearns, R. E. Schapire, and L. M. Sellie, “Toward efficient agnostic learning,”
Machine Learning, vol. 17, no. 2-3, pp. 115-141, 1994.

V. Feldman, P. Gopalan, S. Khot, and A. K. Ponnuswami, “New results for learning
noisy parities and halfspaces,” in 2006 47th Annual IEEE Symposium on Foundations
of Computer Science (FOCS’06). 1EEE, 2006, pp. 563-574.

V. Guruswami and P. Raghavendra, “Hardness of learning halfspaces with noise,”
SIAM Journal on Computing, vol. 39, no. 2, pp. 742-765, 2009.

133



[61]

[62]

[63]

A. Daniely, “Complexity theoretic limitations on learning halfspaces,” in Proceedings of
the forty-eighth annual ACM symposium on Theory of Computing, 2016, pp. 105-117.

A. T. Kalai, A. R. Klivans, Y. Mansour, and R. A. Servedio, “Agnostically learning
halfspaces,” SIAM Journal on Computing, vol. 37, no. 6, pp. 1777-1805, 2008.

A. Klivans and P. Kothari, “Embedding hard learning problems into gaussian space,”
in Approzximation, Randomization, and Combinatorial Optimization. Algorithms and

Techniques (APPROX/RANDOM 2014). Schloss Dagstuhl-Leibniz-Zentrum fuer In-
formatik, 2014.

I. Diakonikolas, D. M. Kane, and N. Zarifis, “Near-optimal sq lower bounds for ag-
nostically learning halfspaces and relus under gaussian marginals,” arXiv preprint
arXiv:2006.16200, 2020.

S. Goel, A. Gollakota, and A. Klivans, “Statistical-query lower bounds via functional
gradients,” arXiwv preprint arXiw:2006.15812, 2020.

A. R. Klivans, P. M. Long, and R. A. Servedio, “Learning halfspaces with malicious
noise.” Journal of Machine Learning Research, vol. 10, no. 12, 2009.

M.-F. Balcan and H. Zhang, “Sample and computationally efficient learning algorithms
under s-concave distributions,” arXiv preprint arXiw:1703.07758, 2017.

S. Frei, Y. Cao, and Q. Gu, “Provable generalization of sgd-trained neural networks of
any width in the presence of adversarial label noise,” arXwv preprint arXi:2101.01152,
2021.

R. Vershynin, High-dimensional probability: An introduction with applications in data
science. Cambridge university press, 2018, vol. 47.

J.-B. Hiriart-Urruty and C. Lemaréchal, Fundamentals of convex analysis. Springer
Science & Business Media, 2012.

I. Mukherjee, C. Rudin, and R. Schapire, “The convergence rate of AdaBoost,” in
COLT, 2011.

S. Arora, S. S. Du, W. Hu, Z. Li, and R. Wang, “Fine-grained analysis of optimization
and generalization for overparameterized two-layer neural networks,” arXiv preprint
arXiw:1901.08584, 2019.

L. Chizat, E. Oyallon, and F. Bach, “On lazy training in differentiable programming,”
Advances in Neural Information Processing Systems, vol. 32, 2019.

C. Wei, J. D. Lee, Q. Liu, and T. Ma, “Regularization matters: Generalization and
optimization of neural nets vs their induced kernel,” arXiv preprint arXiv:1810.05369,
2018.

134



[75]

[76]

[77]

[78]

[79]

[30]

[31]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[39]

A. Nitanda, G. Chinot, and T. Suzuki, “Gradient descent can learn less over-
parameterized two-layer neural networks on classification problems,” arXiv preprint
arXiv:1905.09870, 2019.

S. S. Du, X. Zhai, B. Poczos, and A. Singh, “Gradient descent provably optimizes
over-parameterized neural networks,” arXiv preprint arXiv:1810.02054, 2018.

S. Oymak and M. Soltanolkotabi, “Towards moderate overparameterization: global
convergence guarantees for training shallow neural networks,” arXiv preprint
arXiw:1902.04674, 2019.

Z. Song and X. Yang, “Quadratic suffices for over-parametrization via matrix chernoff
bound,” arXiv preprint arXiv:1906.03593, 2019.

Y. Li and Y. Liang, “Learning overparameterized neural networks via stochastic gra-
dient descent on structured data,” in Advances in Neural Information Processing Sys-
tems, 2018, pp. 8157-8166.

7. Allen-Zhu, Y. Li, and Y. Liang, “Learning and generalization in overparameterized
neural networks, going beyond two layers,” arXiv preprint arXiv:1811.04918, 2018.

Z. Allen-Zhu, Y. Li, and Z. Song, “A convergence theory for deep learning via over-
parameterization,” arXiw preprint arXiv:1811.03962, 2018.

S. S. Du, J. D. Lee, H. Li, L. Wang, and X. Zhai, “Gradient descent finds global
minima of deep neural networks,” arXiv preprint arXiv:1811.03804, 2018.

D. Zou, Y. Cao, D. Zhou, and Q. Gu, “Stochastic gradient descent optimizes over-
parameterized deep relu networks,” arXiv preprint arXiv:1811.08888, 2018.

D. Zou and Q. Gu, “An improved analysis of training over-parameterized deep neural
networks,” arXiw preprint arXiv:1906.04688, 2019.

Z. Allen-Zhu, Y. Li, and Z. Song, “On the convergence rate of training recurrent neural
networks,” arXiw preprint arXiv:1810.12065, 2018.

Z. Allen-Zhu and Y. Li, “Can sgd learn recurrent neural networks with provable gen-
eralization?” arXw preprint arXiv:1902.01028, 2019.

Z. Allen-Zhu and Y. Li, “What can resnet learn efficiently, going beyond kernels?”
arXiv preprint arXiw:1905.10337, 2019.

Y. Cao and Q. Gu, “Generalization bounds of stochastic gradient descent for wide and
deep neural networks,” arXiv preprint arXiv:1905.13210, 2019.

M. J. Wainwright, “UC Berkeley Statistics 210B, Lecture Notes: Basic tail and
concentration bounds,” Jan 2015. [Online]. Available: https://www.stat.berkeley.
edu/~mjwain/stat210b/Chap2_TailBounds_Jan22_2015.pdf

135


https://www.stat.berkeley.edu/~mjwain/stat210b/Chap2_TailBounds_Jan22_2015.pdf
https://www.stat.berkeley.edu/~mjwain/stat210b/Chap2_TailBounds_Jan22_2015.pdf

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

100]

[101]

[102]

103]

[104]

[105]

N. Srebro, K. Sridharan, and A. Tewari, “Smoothness, low noise and fast rates,” in
Advances in neural information processing systems, 2010, pp. 2199-2207.

S. Shalev-Shwartz and S. Ben-David, Understanding Machine Learning: From Theory
to Algorithms. Cambridge University Press, 2014.

P. Liang, “Stanford CS229T/STAT231: Statistical Learning Theory,” Apr 2016.
[Online|. Available: https://web.stanford.edu/class/cs229t /notes.pdf

P. L. Bartlett and S. Mendelson, “Rademacher and gaussian complexities: Risk bounds
and structural results,” JMLR, vol. 3, pp. 463—482, Nov 2002.

A. Beygelzimer, J. Langford, L. Li, L. Reyzin, and R. Schapire, “Contextual ban-
dit algorithms with supervised learning guarantees,” in Proceedings of the Fourteenth
International Conference on Artificial Intelligence and Statistics, 2011, pp. 19-26.

J. M. Borwein and Q. J. Zhu, Techniques of Variational Analysis, volume 20 of. CMS
Books in Mathematics, 2005.

S. Gunasekar, J. D. Lee, D. Soudry, and N. Srebro, “Implicit bias of gradient descent on
linear convolutional networks,” in Advances in Neural Information Processing Systems,
2018, pp. 9461-9471.

A. M. Saxe, J. L. McClelland, and S. Ganguli, “Exact solutions to the nonlinear
dynamics of learning in deep linear neural networks,” arXiv preprint arXiw:1312.6120),
2013.

S. Arora, N. Cohen, and E. Hazan, “On the optimization of deep networks: Implicit
acceleration by overparameterization,” arXiv preprint arXiw:1802.06509, 2018.

H. Lu and K. Kawaguchi, “Depth creates no bad local minima,” arXiv preprint
arXiv:1702.08580, 2017.

T. Laurent and J. von Brecht, “Deep linear neural networks with arbitrary loss: All
local minima are global,” arXiv preprint arXiv:1712.01473, 2017.

Y. Zhou and Y. Liang, “Critical points of linear neural networks: Analytical forms
and landscape properties,” 2018.

S. S. Du, W. Hu, and J. D. Lee, “Algorithmic regularization in learning deep homoge-
neous models: Layers are automatically balanced,” arXiv preprint arXiv:1806.00900,
2018.

K. Lyu and J. Li, “Gradient descent maximizes the margin of homogeneous neural
networks,” arXiv preprint arXiv:1906.05890, 2019.

L. Chizat and F. Bach, “Implicit bias of gradient descent for wide two-layer neural
networks trained with the logistic loss,” arXiv preprint arXiv:2002.04486, 2020.

P. M. Long, “Properties of the after kernel,” arXiv preprint arXiv:2105.10585, 2021.

136


https://web.stanford.edu/class/cs229t/notes.pdf

Appendix A: Technical lemmas

Here are some technical results needed in this thesis.

Lemma A.1. Let r,p > 0 be given, then

2m
%(1 —e ) < /O Crog (rp’cos(é)’) rdf < %ﬁ

Proof. First note that by symmetry,

2m jus
/ liog (Tp’COS(@)’) rdf = 4/2 liog (rpcos(6)) rdf.
0 0

On the upper bound, note that /o, (rp cos(@)) is increasing as ¢ goes from 0 to 7, and

moreover sin(f) > ‘/75 for 6 € (%, 2), therefore

3 3 2 (%
4/ liog (rp COS(@)) rdf < 8/ liog (rp cos(@)) rdf < % liog (rp COS(Q)) rpsin(6) do.
0

Jus

4

Also because {g(2) < exp(—2),
27 z
/ og (rp‘cos(Q)D rdf < 8—?0@/ exp (—rpcos(f)) rpsin(f) df
0 I

= % 1 —exp <—\/§Tp>

2

On the lower bound, note that f4(z) >

2m
/O g (rplcos(9)] ) r a0 =

exp(—z) for z > 0, therefore

us

3
liog (rpcos(6)) rdo

exp (—rpcos(9)) rdf

‘ﬁf\

/2 exp (—rpcos(6)) rpsin(6) df

(1 — e_”’) .
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QED.

Lemma A.2. Given w,w’ € R%, suppose Pr(, ,)p (y # sign ((w,x))) = OPT. If ||z|s < B

almost surely, then
E(ay)~p |:]ly;£sign((w,x))|<w/7x>}:| < B|w'||z - OPT.
If P, is (ay, ag)-sub-exponential, and OPT < %, then
1
Bl |1y 02| < (14 20l OPT 1 ().
Proof. 1f ||z||2 < B almost surely, then

E(Zvy)NP |:]1y7ésign<<w,x>) ‘ <w/7 l’>|:| S BHw,HZE(w,y)NP |:]ly7ésign(<w7x>>:| - BHUJ’HQ . OPT

Below we assume P, is (aq, ag)-sub-exponential.
Let v, := (w', x); we first give some tail bounds for v,. Since P, is (a1, az)-sub-exponential,

for any ¢ > 0, we have

!/
Pr <L/,x>
[ |2

Let p(t) := Pr(Jv,| > t). Given any threshold 7 > 0, integration by parts gives

t t
>t| <ajexp <——> , or Pr(!l/x] Zt) < ap exp <——) .
%)

agllw||

E [Ly,12r|vl] = /Toot- (—du(t))
~rutr)+ [ )t < oGl e (~ ) G

g l|w||2

Now let 7 := as||w'|2In (g55). Note that

E(x»y)NP []ly;ésign(@v,m}) ‘ <w/’ .’L’> H = ]E(l"vy)NP []1|Vz|§7]ly;ésign(<w,x>) |V~T |]

+]E(z7y)~P []1|Vx|27]ly7ésign(<w,x))|V‘T|] :

We bound the two parts separately. When |v,| < 7, we have

1
E ]lmgv]ly#ign(m,m)lvzl} <7E |:]ly75sign(<wvm>)] =7 OPT = asf[w'|l,- OPT - In (OPT) ‘
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On the other hand, when |v,| > 7, eq. (A.1)) gives

Ey)~p ]1Vx|2r1y¢sign(<w,x>)|vz|] <E [Ly 2r|val]

1
< ! — PT
<~ OélOéQHUJ ||2 (1 +1H <OPT>) O

1
< "My - 1
< 201an]|w'||s - OPT - In (OPT) ,

where we also use OPT < % To sum up,

1
Bl | Lm0 )] < (1 200l OPT 1o (i )
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